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1. Section 3.5
2)a) Show directly from the definition that (2!) is a Cauchy sequence.

Proof. Let a, := (%) = (1 + 1) be a sequence. We want to show that V & >
0, 3 H(e) e Nsit. V &, Ty € apy |y — | < €, for m,n > H(e).

Recall that if ¢ > 0, 3 n, € Ns.t. 0 < ni < e. So, we want to show that if we

let n. = H(e), g5 < 5- )

Let m >n > H(e).

So,
m+1 n+1] |1 1
m n | |m n
1 1 . )
< — 4 — by the Triangle Inequality
m n
2 ) 1 1
< — sincem>n= — < —
n m n
2
< i > H
6 since n > H(e)
<e since < :
in =
H() 2
Thus, a, = ("T“) is a Cauchy sequence. |

3)b) Show directly from the definition that (n + (_;)n

) is not a Cauchy sequence.

Let z, ::n—i—%, forn > 1.



4)

Then we have the following:

(e

n+l — 4n — 1
Tpy1 —Tp = (n+1) + N -

(1) (1)
n+1 n

" 1 1
=1+ (-1) + (—n+1+ﬁ)

=1+

So,

1 1
Tomz = Pamr = 1o (217 <2m 2 am g 1)

1 1

=1
+2m—|—2+2m+1

Thus, |Tomi2 — Tome1| > 1. Hence, if we let ¢ = %, there doesn’t exist H(e) €
N s.t. |z, — 2] < %, YV m,n > H(e). This is because

1
|$2H(a)+2 —$2H(s)+1’ =1+ 2H() + 2 + () +1 > 1> 3

Thus, (n + ﬂ) is not a Cauchy sequence.

n

Show directly from the definition that if (x,) and (y,) are Cauchy sequences, then
(xn + yn) and (x,y,) are Cauchy sequences.

Proof. Recall Lemma 3.5.4:

Lemma. A Cauchy sequence of real numbers is bounded.

Thus, we have that (z,) and (y,) are bounded. By the definition of boundedness,
we know that there exists M7, Ms € R such that the following hold:

3M1>08.t. |$n|§M1Vn€N

and
HMQ > 0 s.t. |yn| < MQV n €N

Let M = max{Ml, Mg}
Since (x,,) and (y,) are Cauchy sequences, we have the following:

Ve>0,3 Hie) e Nsit. |z, — x| < %, VY m,n > Hy(e)

Ve>0, 3 Hae) e Nsit. |yn — ym| < g, V' m,n > Hs(e)
Thus, by the Triangle Inequality, we have

2



Let H(e) = max{H,(¢), H2(¢)}. Then we have that |z, — z,,| < 5 and |y, — ym| <
5, ¥Ym,n > H(e). Thus,
_'_

(0 + Yn) = (T — ym)| < =¢, Vm,n> H(e)

DO | ™
N ™

. (zn + yn) is Cauchy.

Similarly, to show that x,y, is Cauchy, we have

|xnyn - xmym| = |xnyn —YnTm + TmYn — l‘myml
< |yallzn — 2| + |Zml|[Yn — Yml
S M(|$n - $m| + |yn - ym|)

§M(g+%>, VYV n,m > H(e)
— M.
Note that we can initially replace € by 7 to get |2,y — Tmym| <&, Vn,m > H(e).
Thus we have that (z,y,) is also Cauchy.
|
5) If 2, := v/n, show that (x,) satisfies lim |x,, 11 — 2,,] = 0, but that it is not a Cauchy

sequemnce.

Note that (z,) is an unbounded sequence. By the Cauchy Convergence Criterion,
since y/n is not bounded, (z,) is not a Cauchy sequence. Now, we only must show
that |z,11 — x,| converges to 0.

So,
‘anrl _xn‘ =vn-+ _\/ﬁ
1

T Vnrl+yn

1
= lim |r,41 — 2, = Im —————
A [y = ] = lim e
=0

Thus, we have that lim |z, — z,| = 0, but (x,) is not Cauchy.

12) If z; > 0 and z,,41 := (2+z,)"! for n > 1, show that (x,) is a contractive sequence.
Find the limit.

Proof. Recall the definition of a contractive sequence:

Definition. We say that a sequence (z,) of real numbers is contractive if there
exists a constant C', 0 < C' < 1, such that

|xn+2 - xn+1| S C’|$n—|—1 - $n|

for all n € N. The number C is called the constant of the contractive sequence.
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13)

For (z,), we have the following:

|xn+2 - xn—i—l | 2 + :Bn-i-l) (2 + xn) 1|
1
‘ 24 Tpy1 2 + x,
2—2, — (2+ xp11)
‘ (24 2p41)(2 + )
|xn xn+1|
(2 + xn+1)(2 + xn)
|Tn — Tni|

2+0)(2+0)

IN

~—~

: |xn+1 — xn‘

o]

Thus, if we let C' = i, then (x,) is a contractive sequence. [ |

Now we want to find the limit of (x,,).

Recall Theorem 3.5.8:

Theorem. Every contractive sequence is a Cauchy sequence, and therefore is con-
vergent.

By Theorem 3.5.8, we have that lim(z,,) = x exists, and since we know that lim(x,, 1) =
lim(z,) = x, we have the following:

Tor1 = (2+ xn)’l

1 .
an:Q—l—xn lim
1
. 2+x - @+z)
?+2r=1

22 +2x—-1=0
—2+/4—4-1-(-1)
2
xa:—l—\/§<0

2 =—-1+v2>0

Tr =

Since x, > 0, V n, we know that x, < 0 cannot be the limit, and thus we can
conclude that lim(z,) = —1 + v/2.

If x1 :=2 and 2,41 := 2+ 1/x, for n > 1, show that (z,) is a contractive sequence.
What is the limit?



Lemma 0.1. We want to show that z,, > 2 V n € N. We prove this by method of
mathematical induction.

Basis Step: Let n = 1. Then we have that z; =2 > 2.
Inductive Step: Assume that x, > 2 for arbitrary n € N.

Show: We want to now show that z,,; > 2, Vn € N. So we have the follow-
ing:

1
xn+1:2+_
s

n

>2+0
=2

.. by mathematical induction, we have that z,, > 2, Vn € N

Proof. By the definition of a contractive sequence, we have the following:

1 1
Tn+1 Tn

Ty — T T, — T
= |- ntl < |zt by Lemma 0.1
Tni1* Tn 2.2
- |
= —\r, — T 1
4 n n+

So, if we let C' = %, then we have shown that by the definition of a contractive
sequence, (z,) is contractive.

Now we want to find the limit of (x,,). By Theorem 3.5.8, we have that since (z,,) is
contractive, it is also convergent. Thus, we know that lim(z,) = x exists, and since
we also know that lim(x, 1) = lim(z,) = z, we have the following:

1
Tpy1 =2+ — | lim
x’rb
1
r=2+— |-z
x
r? =21+ 1




By Lemma 0.1, we know that x, > 2, V n € N, and thus we know that x, < 2 can’t
be the limit. Thus, we can conclude that lim(z,) = 14 /2.

2. Find examples of sequences of real numbers satisfying each set of properties:

(a)

(b)

(c)

3. (a)

Cauchy, but not monotone

Consider the sequence a, := (1,%,%,%,%,...). Notice that V e > 0, 3 H(e) €
N s.t. |a, — am| < &, for m,n € N, ¥V m,n > H(e). Thus, this sequence satisfies the
definition of a Cauchy sequence, and thus it is a Cauchy sequence. However, notice
that while it is decreasing overall, it is not decreasing in a way that coincides with

the definition of monotone decreasing.

That is, in order for this sequence to be considered monotone decreasing, we must
have the following:

a1 >3 > 03> G4 > A5 > -+ > G, VN EN

But, given the first five terms of this sequence, we have

1

1>-<->-<

1
1

Wl
] =

2
Hence this sequence is Cauchy but not monotone.

Monotone, but not Cauchy

Consider the sequence a, := (1,4,9,16,25,...) = n®. This sequence is monotone,
since it is an increasing sequence, however it is not Cauchy. Consider ¢ = 1. Since
(a,) is an increasing sequence, we have that for any two m,n € N, |a, — a,,| > 1.
Thus, # H(e) € Ns.t. Ve >0, |a, — an| <&, for m,n € N, ¥V m,n > H(e). Thus
(ay) is a monotone sequence but it is not a Cauchy sequence.

(Section 3.5, Problem 1) Bounded, but not Cauchy

Consider the sequence a, := (—1,1,—1,1,—1,...) = (—=1)". This sequence is
bounded above by 1 and is bounded below by —1, and thus this sequence is bounded.
However, since V. m,n € N, |a, — an| = |ay, — a,| = 2, we have that the sequence
is not Cauchy. Consider ¢ = 1. Then we have that ## H(¢) € N s.t. |a, — a,| <
e, for myn € N, Vm,n > H(e). Thus, we have a sequence that is bounded, but is
not a Cauchy sequence.

Let a, :%+ % 4+ -4 m Show a,, is Cauchy.

Proof. Let a, = % + é + -+ ﬁ We want to show that a,, is Cauchy. That is,

we want to show that Ve >0, 3 H(¢) € N, s.t. |ay, —an| <&, Vm,n > H(e).
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(b)

(c)

Let € > 0 be given. Without loss of generality, let m > n. Then we have that
0 < a,, — a,, which yields the following:

B 1 1 1 1 1
_(§+6+”.+n(n+1)+(n+1)(n+2)+'”+m(m—+1))_(§+.'.+n(n—+1)
1

1
mrDm+2) T T D
1

! 1 1 1 1

_(n+1_n+2>+(n+2_n+3)+“'+(E_m—+1)
1 1 11

n+1_m+1<n+1<ﬁ

=c
So, if we let H(e) > 1, we then have that |am, —a,| <e, ¥V m,n > H(e).

". a, is Cauchy. [ |

Let a, satisfy |a, — a4 1| < 1/3". Show a,, converges.

Proof. First note that if we let b, := 3%, then we have the sequence b,, = (%, é, %)

Notice that this sequence is a Cauchy sequence. This is because if we have the
following;:

3" < 3%

N 1 - 1
3n 32n

Thus we have that if we let € = %, then |a, — a,11] < 3%” < 3% = €. So, if we let

1
H(e) = Zlfé(fg)), then V n > H(e), |a, — ant1| < €. Consider if we let m = n + 1.

Then we can rewrite this as follows:

log(1)

Ve>0, 3 H(e) e Nsit. |a, —an| <&, Vm,n> H(e), where H(c) = 21og(3)

Thus we have that any sequence a,, that satisfies this property must be a Cauchy
Sequence. Thus by the Cauchy Convergence Criteria, we have that a, is convergent
since it is also Cauchy. Hence lim(a,) = A exists. [

Prove that if a,, converges, then lim |a,;1 — a,| = 0.
n—oo

Proof. Suppose that (a,) is a convergent sequence. Then we have that by the Cauchy
Convergence Criterion, (a,) is a Cauchy sequence.

Recall Theorem 3.1.3:

Theorem. Let X = (z, : n € N) be a sequence of real numbers and let m € N.
Then the m-tail X, = (2,4, : n € N) of X converges if and only if X converges. In
this case, lim X,,, = lim X.

1
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(d)

Thus by Theorem 3.1.3, we have that if we let m = 1, then a,,1,, = a,11 also con-
verges since a,, converges.

Also, recall Theorem 8.4.2:

Theorem. If a sequence X = (z,) of real numbers converges to a real number z,
then any subsequence X' = (z,, ) of X also converges to x.

Thus we have that since the sequence (a,1) is a subsequence of (a,), by Theorem
3.4.2, the subsequence (a,1) also converges to x.

Let lim (a,) = A and let lim (a,41) = B, for A, B € R.

n—o0 n—0o0

Consider first the sequence generated by (a,+1 — ay).

Recall Theorem 3.2.53:

Theorem. i. Let X = (z,) and Y = (y,) be sequences of real numbers that
converge to x and y, respectively, and let ¢ € R. Then t he sequences X +
Y, X-Y XY, and cX converge to x + y,x — y, xy, and cx, respectively.

ii. If X = (z,,) converges to x and Z = (z,) is a sequence of nonzero real numbers
that converges to z and if z # 0, then the quotient sequence X/Z converges to

Thus, by Theorem 3.2.3, we have
lim (ap41 —a,) =B—A
n—oo

However, since we have that lim (a,) = x and by Theorem 3.4.2, since (ap41) is a
n—oo

subsequence of (a,), we know that

A5 (Ont1) = 0 () =2

Which yields that A = x = B. So, we have

lim (api1 —a,) =B—A=A—-—A=B-B=x—2=0
n—oo

Hence,
lim |a,41 —a,| =10 =0
n—oo
. if (a,) converges, then lim |a,.1 — a,| = 0. u
n—oo

Give an example of a sequence a,, where lim |a, 1 — a,| = 0, but a,, diverges.
n—oo

Consider the sequence a, := (%,1,%,%,%,%,...) ~ (0.5, 1, 1.3333, 1.583333,

1.783333, 1.9, ...). Thus we note that this sequence is monotone increasing, and



also is unbounded. Thus this is a divergent sequence. However, note the resulting
sequence of |a, 11 — ay,|:

|an+1 _a’n| = (5757175767---)

We can note that the resulting sequence of |a,11 — a,| is not only monotone de-

creasing, but also converges to 0. Thus we have defined a sequence (a,) such that

lim (a,) = 0o, however lim |a,4+1 — a,| = 0.
n—00 n—00

(e) Let a, satisfy a,,1 = a2 for all n € N where 0 < a; < 1/3. Show a,, is contractive.

To begin, we want to show that a,,; < % We prove it by method of mathematical
induction.

Lemma 0.2. Basis Step: Let n = 1. Then we have that a; < %
Inductive Step: Assume that ay < % for arbitrary n € N.

Show: We want to now show that a,,; < %, vV n e N. So,

1\2
Uny1 = a2 < (5) by definition of a1
—2etl
"9 73

Thus, by mathematical induction, we have that a, < %, VneNlN.

Now, we want to show that a,, is contractive.

Proof. By the definition of a contractive sequence, we have the following:

|ant2 = Gpi1| = ai-&-l - ai[

- |a'n+1 - CLn“an-i—l + an|

<lans1 = anl(|ansa| + |an|)

2
< §|an+1 - an|

So, if we let C' = %, then we have shown that by the definition of a contractive
sequence, (a,) is contractive. |

4. Show that the following sequences are not Cauchy.

(a) a, =n?
Consider ¢ = 1. Since (a,) is an increasing sequence, we have that for any two
m,n €N, |a, — a,| > 1. Thus, d H(e) € Ns.t. Ve >0, |a, — an| <e, form,n €
N, V- m,n > H(e). Thus (a,) is not a Cauchy sequence.



(b)

(Section 3.5, Problem 2b) a, =n + %

If we let € = 1, there doesn’t exist H(e) € N s.t. |z, — 2| < 3, Vm,n > H(e). This
is because
1 1

1
€ - € =1 1>
|$2H( )+2 — L2H( )+1‘ T 2H (g) + 2 + 2H(e) +1 2

Thus, (n + %) is not a Cauchy sequence.

5. Prove or justify, if true. Provide a counterexample, if false.

(a)

(b)

(c)

If a,, is Cauchy and b, is bounded, then a, - b, is Cauchy.

This is a false statement. Consider the sequences (a,) := 1, and b, := (—1)". We
have that a, is a Cauchy sequence and we also have that (b,) is a bounded sequence
since it is bounded below by —1 and it is bounded above by 1. Then we have that
the resulting sequence of a,,b,, is

an by = (—1,1,-1,1,—1,...)

Thus since this sequence oscillates between —1 and 1, it is not a Cauchy sequence
since by the Cauchy Convergence Criterion, since this sequence doesn’t converge, it
isn’t Cauchy.

If a,, is a monotone increasing sequence such that a, 1 —a, < 1/n, then a,, converges.

This is a false statement. Consider the following sequence: a,, := (—1, —%, —%, —}1, ce }l)
Thus we have that this sequence is both monotone increasing and is a harmonic se-
quence. Also, note for n = 1, we have

1

1
Upi1 — @ 5 (—1) 2—1—

N | =
| =

However, if we let ¢ = g, then we have that |ay — a1] £ ¢, since |ay — a1 = 1 £ 1.

Hence this sequence is not true for all €.

The Cauchy convergence criteria holds in Q.

This is a false statement. Consider the sequence a, := (1.4,1.41,1.414,...). We
have that this sequence is indeed a Cauchy sequence, however this sequence does not
converge to a value in Q. Rather, this sequence converges to v/2 ¢ Q. Thus the
Cauchy convergence criteria does not hold in Q.
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