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1. Give an example of nonconstant functions f and g such that (fg)' = f'q’.

Let f(z) = e* = g(z). Then

(fg) =r14d
f(@)g(x) + f(2)g'(x) = f'(x)d ()
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Thus we have that (fg) = f'¢'.

2. Suppose that f is differentiable at 2 and 4 with f(2) = 2, f(4) = 3, f'(2) = =, and
f'(4) =e.

(a) If g(z) = xf(2?), find ¢'(2).

g'(z) = (zf(2*))
o' f(2®) +a- f'(2*)- 22 by the Product Rule and the Chain Rule
L f(a®) + - f(2%) 22
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=f4)+2-f(4)-2(2)
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=34 8e

9'(2)

So ¢'(2) = 3 + 8e.



(b) If g(z) = f2(V/x), find g'(4).
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by the Chain Rule

by the Quotient Rule



3. Determine if each function is differentiable at the given point. If so, find its derivative. If
not, explain why not.

(a) Atleforf(x):{3§_2 ifr<l

T ifz>1
We note that f(1) = 1% = 1. First, let us find /() for each part of the function. So
when z < 1:
lim flz+h)— f(x) — lim 3(x+h)—2—(3x—2)
h—0 h—0 h
. 3x+3h—2—-3x+2
= lim
h—0 h
3h

= lim —

= lim 3
h—0
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So f'(x) = 3 when x < 1 And when z > 1:
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h? — 3h%x + 3ha?

= lim h? — 3hz + 322

= 0%+ 3(0)x + 322
=0+0+ 32
= 32°

So f/(x) = 32 when z > 1.

Now we must check for differentiability when = = 1. So
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lim —f(x) 1(c) = lim r-- 1
T—C €Tr—cC =1+ x — 1
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And
f@) = 1) _ ) B2
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So since lim w =3 = hm+ (z) / (C), we have that the limits are equal, and
r—1~ z—1

thus the limit exists which yields that f is differentiable at x = 1.

20 +1 ifzx<1
x? ifr>1

(b) At x =1 for f(x) := {

In order for f to be differentiable, it must also be continuous. So let us first ensure
that f is continuous.

So we have
lim f(z) = lim 20 4+1=2(1)+1=3

rz—1~ r—1—

and

li = i 2 _-12=-1
Jim f(z) = lim z

Since hm flz)=3#1= hm f(z), we have that f is not continuous, and thus f
—1-

is not dlfferentlable at x = 1

3r—2 ifz<l1
x? ifz>1

(c) At z =1 for f(x):= {

We will show that f is not differentiable at z = 1. We first note that f(1) = 1% = 1.
Now let us find the derivatives of f for each part of the piece wise function. So for
r <1

lim flx+h)— f(x) — lim 3(x+h)—2—(3z—2)
h—0 h h—0 h
3r+3h—2—-3x+2
= lim
h—0 h




So f'(z) =3 when = < 1.

And for the case where x > 1:
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So f'(z) = 2z for x > 1.

Now we must show that f is not differentiable at x = 1. So
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So since lim f(z) =3 # 2 = lim f(z), we have that the limit does not exist at
1~ z—1

x =1, and thus f is not differentiable at x = 1, but is continuous.

x? if x is rational

(d) (Sec. 6.1, pr. 4) At x =0 for f(x) := {

0 if x is irrational

First, we note that 0 € Q and f(0) = 0% = 0.



(2) = r, e
TN, zeR\Q

So, we have that the given function is differentiable at 0 if and only if 1iII(lJ g(x) exists.
T—>

In this case, the limit is f/(0).
We note that —|z| < g(z) < |z|, and that lim —|z| = lim |z| = 0.
z—0 z—0

Recall the Squeeze Theorem:

Theorem 1 (Squeeze Theorem). Let A C R, let f,g,h: A — R, and let c € R
be a cluster point of A. If

flz) <g(x) <h(zx) forall z€A, z#c,
and if lim f = L = lim h, then lim g = L.

Tr—cC T—C Tr—cC
By the Squeeze Theorem hII(l) g(x) = 0. Thus we have that f is differentiable at = = 0
T—
and f'(0) = 0.

x if x 1s rational

0 if x is irrational

(e) At z =0 for f(z) := {

We want to show that f(z) is not differentiable at = = 0. First we note that f(0) = 0.
So let us first find the derivatives of f(x) for each piece of the function. So for x € Q:

. fle+h)—f(z) . z+h—x
lim = lim ———
h—0 h h—0 h

So f'(x) =1 when x € Q.

Now, for x € R\ Q:

So f'(z) =0 when z € R\ Q.



Now we want to show that f is not differentiable at x = 0. So there’s four cases we
must consider: x approaches zero from the left along a sequence of rational numbers,
x approaches zero from the right along a sequence of rational numbers, x approaches
zero from the left along a sequence of irrational numbers, and x approaches zero from
the right along a sequence of irrational numbers.

For the case where x approaches 0 from the left along a sequence of rational numbers:
L@ f© L f@) = f(0)
z—c— T —C zeQ—0-  x —0

. x—0
= lim
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And for x approaches 0 from the right along a sequence of rational numbers:
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For the case where x approaches 0 from the left along a sequence of irrational num-
bers:

lim —————~> = lim —f(x) — f(0)
0

T—c~ r—cC z€R\Q—0— xr —

) 0-0
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And for x approaching 0 from the right along a sequence of irrational numbers:

f@ =0 _ L f@) =10

lim —————~ =
z—ct r —C z€R\Q—01 r—20
) 0—-0
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z€R\Q—0+ X
. 0
= lim —
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So we have that
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However, since these limits are not equal to each other since 0 # 1, we have that
the limit does not exist at * = 0, and thus f is not differentiable at z = 0 but is
continuous.

4. (a) Prove: If f is differentiable on R, then f'(x) = ’lbir% w
—

Proof. Assume that f : A C R — R is differentiable on R. Then we know that

o) it O I@ Tt ) = f()

T—C €Tr—cC h—0 h

Recall the definition of the derivative:

Definition 1. Let I C R be an interval, let f : I — R, and let ¢ € I. We say that a
real number L is the derivative of f at c if given any ¢ > 0 there exists d(¢) > 0
such that if € [ satisfies 0 < |z — ¢| < §(¢), then

fx) = f(c)

Tr—=cC

—Li<e.

In this case we say that f is differentiable at ¢, and we write f’(c¢) for L. In other
words, the derivative of f at ¢ is given by the limit

fe) — i £@) = 10

r—c €T —C

provided this limit exists. (We allow the possibility that ¢ may be the endpoint of
the interval.)



Assume f'(z) = L for some L € R. Then

Ve>0,3de)>0st.[zreAst. 0<|z—c| <ie)] = ‘fx—_f(c)—[/'<€
Now, let h := x — ¢. Then ¢ =x — h. So
Ve>0,3de)>0st. [zreAst. 0<|h| <d(e)] = 'f(x)—i(m—h)_L’<€
i J@) = fla=h) _ .
h—0 h
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Thus f/(z) = Jim H(ath)-f()-20a=h)

(c) Find constant ¢ such that f'(z) = }llirr(l) 5f(w+h)_fé,f)_4f(x_h)
—>

Let ¢ = 9. Then we want to show that




So
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Thus f'(z) = ;llh% 5f(x+h)*fc(}f)*4f(%h) for ¢ = 9.
—

5. Prove, if true or provide a counterexample, if false.
For all parts: Let A be an interval, c€ A and f,g: A — R.

(a) If f and g are differentiable at ¢, then f + g is differentiable at c.

This is true by Theorem 6.1.3:

Theorem 2. Let I C R be an interval, let c€ I ;andlet f: ] - Randg: I — R
be functions that are differentiable at ¢. Then:

i. If a € R, then the function af is differentiable at ¢, and
(af) (c) = af'(c)
ii. The function f 4+ ¢ is differentiable at ¢, and
(f +9)(c) = f'(c) + g'(c)
iii. (Product Rule) The function fg is differentiable at ¢, and
(f9)'(c) = fi(c)g(c) + f(c)g'(c).

iv. (Quotient Rule) If g(c) # 0, then the function f/g is differentiable at ¢, and

1Y £l FR)ge)
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(b) If f and g are differentiable at ¢, then g o f is differentiable at c.

This is a false statement. Consider f(z) := x4 1. Then f(c) = c+ 1.
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1, z<c+1
4, z>c+1

Let g(x) := {

Then we have that ¢'(c + 1) does not exist, and thus ¢ is not differentiable at f(c).
(c) If f = ¢? and f is differentiable on (a, b), then ¢ is differentiable on (a,b).

This is a false statement. Consider ¢* : (0,1) — R given by g(x) := —1. Then

f:(0,1) - Ris f(z) := —1, which is differentiable on (0,1). However, ¢ is not

differentiable on (0, 1) since g(z) := v—1 =i ¢ R, and thus ¢ is not differentiable
on (0,1) since (0,1) C R, and i ¢ (0,1).
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