Real Analysis Homework 10

Alexander J. Tusa
December 11, 2018

1. Section 5.4

7. If f(z) := x and g(x) := sinz, show that both f and g are uniformly continuous on
R, but that their product fg is not uniformly continuous on R.

Proof. We want to show that f(z) := z is uniformly continuous on R.

In the interest of being explicit, recall the definitions of continuity and uniform con-
tinuity, respectively, and note their differences if f : A C R — R:

Continuity:
VeeAVe>030>0st.Vye A j[z—y|<d = |f(x)— fly) <e
Uniform Continuity:
Ve>036>0st.Va,yed; |[z—y|<d = |f(x)— fly)| <e

We note that the difference is that for continuity, one takes an arbitrary point x € A,
and thus there must exist a distance 9§, whereas for uniform continuity, we have that
a single 6 must work uniformly for all points = and y.

So, V x,u € R, we have the following:

[f(2) = f(u)| = o —uf <e

So, let § = ¢.

. f(x) := z is uniformly continuous on R. |

Proof. Now we want to show that g(z) := sinx is uniformly continuous.



So,Vz,yeR:

9(x) — g(u)| = |sinz — sinul

9 T+ u . T — U
coSs sin
2 2

§2sin(x;u)‘ .+ Jeos(z)| < |z| V2 €R

So if we choose § = ¢, we have that g(x) is uniformly continuous.

Now, we want to show that fg is not uniformly continuous on R. To do this, recall
the Nonuniform Continuity Criteria:

Theorem (Nonuniform Continuity Criteria). Let A C R and let f: A — R.
Then the following statements are equivalent:
i. f is not uniformly continuous on A.
ii. There exists an €y > 0 such that for every ¢ > 0 there are points x5, us in A such
that |x5 — us| < 9 and |f(zs) — f(us)| > €o.

iii. There exists an g9 > 0 and two sequences (x,,) and (u,) in A such that lim(z,, —
un) =0 and |f(z,) — f(u,)| > &9 =1 for all n € N.

So, let (), (u,) C R be given by z,, := 2n, and u, := 2n7 + + for n € N. Then
we have that

1
(Tp — uyp) = 2nm — (27 + n) -
and thus .
lim (z,, — u,) = lim —— =0
n—00 n—oo N
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Now we have the following:

(£9) (@) — (£9)(un)| = |20 sin(2n) — (2m ¥ %) sin (W ¥ %) \

1 1
= 2nm -0 — <2n7r + —) sin <2n7r + —) '
n n
1\ . 1
= |— (2n7r + —) sin <2n7r + —) ‘
n n
1 ) 1
= (2n7r + —) sin <2n7r + —)
n n

1 1
= (2n7r + ﬁ) sin (—) osin(2nr) =0V neN

n

() ()22

Note that lim % =0 and (sin (l)) is a bounded sequence in R. Then

n

n—oo
1 01
lim —sin— =0
n—oo 1, n
and _
L G R VRN
z—0 xX

This yields

. . 1 ~ sin (l)
Iim 2n7wsin | — | = 27 lim il ne =91
n—00 n %_>0 =

Thus JLH;O((fg)(xn) — (f9)(un)) = 2m.

Let e=7m. Then 3k € Ns.t.Vn>k:

| )
((F9)(@nix) = (F9) (unsn)| > 7
(tnih)

Criteria, (fg) is not uniformly continuous on R.

Prove that if f is uniformly continuous on a bounded subset A of R, then f is bounded
on A.

Proof. Let f be uniformly continuous on a bounded subset A of R. We want to show
that f is bounded on A.



Since f is uniformly continuous, we know that V¢ > 0, 46 > 0 st. V z,y €
A lx—yl<d = |f(z) — f(y)| <e. We must find a constant M > 0 s.t. |f(z)| <
MY xe A

Let € > 0 be given, and let § > 0 also be given.

Recall the definitions of a cover, open cover, subcover, and compactness:

Definition 1. Let A be a subset of a topological space X. Let % = {U, Unes Un}
be a collection of subsets of X. We say that % is a cover of A if A C U, U,. % is
called an open cover of A if % is a cover of A and each element of % is open. If %
is a cover of A, then any subset of % that is also a cover of A is called a subcover
of A. A space X is compact if every open cover of X has a finite subcover.

Also recall the following theorem:

Theorem. A compact subset of a metric space is bounded.

Since A is a subset of R under the usual metric, defined d(z,y) := |z — y|, we have
that A is compact. Thus by the definition of compactness, we know that every open
cover of A has a finite subcover. In particular, we know that there are finitely many
open balls of radius §. Thus

dneNs.t. AC U?:()Bd(xia 5), r, €A

Recall the definition of an open ball:

Definition 2. Let (M, d) be a metric space. Given z € M and a positive real number
g, the open ball centered at = with radius ¢ is

Ba(z,e) :={y € M [ d(z,y) <¢e}
Now, define m and M as follows:

m = @lgnnf(xi), M = max f(x:)

Let x € A be arbitrary. Since A is covered with balls By(z;,d), we know that
dz; € Ast. x € By(xj,0). So,

¥ € By(x;,0) = |z -] <0 = [f(2) = f(z))| <& &= —e < flv) = [f(z;) <e

By the definition of M, we know that f(z;) < M, and thus f(z) < M + .
By the definition of m, we know that f(x;) > m, and thus f(z) > m —e.

S YreA,
flx)e[m—e, M + ¢

. f is bounded on A.
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Alternative Proof:

Proof. By way of contradiction, assume that f(A) is unbounded. Then we know that
there exists a sequence x,, € A s.t. | f(z,)] > n V n.

Since (z,) is bounded, we know that there exists a convergent subsequence z,, €
A sit. z,, — x. Now, since f is uniformly continuous, we know that f(z,,) —
f(z), which contradicts the fact that f(A) is unbounded. Thus we have that if f is
uniformly continuous on A, then f(A) is bounded as well. |

A function f : R — R is said to be periodic on R if there exists a number p > 0
such that f(x 4+ p) = f(x) for all x € R. Prove that a continuous periodic function
on R is bounded and uniformly continuous on R.

Proof. Let f be a continuous periodic function on R. Then we know that 4 p >
0st. f(x+p) =f(r)VzeR
Recall Theorem 5.3.9:

Theorem. Let I be a closed bounded interval and let f : I — R be continuous on
I. Then the set f(I) :={f(z): z € I} is a closed bounded interval.

Also recall the Uniform Continuity Theorem:

Theorem (Uniform Continuity Theorem). Let I be a closed bounded interval
and let f: I — R be continuous on /. Then f is uniformly continuous on I.

We must first show that f is bounded. Let f : [0,p] — R be given by f([0,p]) :=
f([np,(n+1)p]) ¥V n € Z.

Since [0, p] is a closed bounded interval, we know that by Theorem 5.3.9, f(]0,p]) is
also a closed bounded interval. Thus we have that f is bounded.

Now we must show that f is uniformly continuous on R. So, by the Uniform Continu-
ity Theorem, since f is continuous on [0, p] and since [0, p] is a closed bounded interval,
we have that f is uniformly continuous on [0, p]. Since f([0,p]) = f([np, (n + 1)p]),
we have that f is uniformly continuous on [np, (n + 1)p] and thus we have that f is
uniformly continuous on R.

Let f and g be Lipschitz functions on A.

(a) Show that the sum f + ¢ is also a Lipschitz function on A.
Proof. We want to show that f 4 g is also a Lipschitz function on A.

Recall the definition of a Lipschitz function:



(b)

Definition 3. Let A C R and let f : A — R. If there exists a constant K > 0
such that

[f(z) = f(u)] < Klz —u|

for all z,u € A, then f is said to be a Lipschitz function (or to satisfy a
Lipschitz condition) on A.

Since f and g are Lipschitz functions on A, we know that V x,y € A:
M > 0.t |f(z) = fy)] < Mi|z -y

3 My > 0s.t. [g(z) — g(y)| < Ma|z —y|

In order to show that f + ¢ is also a Lipschitz function, we have the following:

I(f +9)(x) = (f+ W] = 1f(z) +g(x) = (f(y) + 9(y))]
= [f(z) + g(z) — f(y) — 9(y)]
= |f(x) = f(y) + g9(z) — 9(v)|
< [f(x) = fW)] +l9(x) — g(y)]

< Mi|z —y| + M|z — y|
= (M, + My)|z — y|

Thus, we have that |(f + g)(z) — (f + ¢9)(y)| < (My + My)|z — y|. There by the
definition of a Lipschitz function, we have that if f and g are Lipschitz, then
f + g is also Lipschitz.

|

Show that if f and g are bounded on A, then the product fg is a Lipschitz
function on A.

Proof. Let f and g be bounded on A. We want to show that the product fg is
a Lipschitz function on A.

Recall the definition of a bounded function:

Definition 4. A function f : A — R is said to be bounded on A if there exists
a constant M > 0 such that |f(z)| < M for all z € A.

So since f and g are bounded on A, we know

AMy;>0st. |glx)| < MyVaeeA
And since f(z) and g(x) are Lipschitz, we know

Ky st |f(z) — f(u)] < Ki|z — u

3 Ky st |g(z) — g(u) < K|z — u|



We must show that fg is Lipschitz. Let x,y € A. Then

[(f9)(x) — (f9) ()| = [f(x)g(z) — f(v)g(y)]
= [f(z)g(x) — f(@)g(y) + f(x)g(y) — f(y)9(y)]
= [f(2)(9(z) — 9(y)) + 9(v)(f(z) — f(y))]
< [f(@)(g(z) — g + lg()(f(z) — f(v))]
= [f(@)] - lg(x) — gW)| + |gW)] - |f(x) — f(y)]
|

< M -|g(x) —g(y)| + M- | f(x) — f(y)]
< M1K1|l’ — y| + M2K2|$ - y|
= (M1K2 -+ M2K1)|ZE — y|
Thus we have that [(fg)(x) — (fg)(y)] < (MiK; + MyKs)|x —y| V z,y € A.

Therefore by the definition of a Lipschitz function, we have that fg is Lipschitz.
|

(c) Give an example of a Lipschitz function f on [0,00) such that its square f? is
not a Lipschitz function.

Consider the function f(z):= x, where x > 0. Then we have that V x,y > 0:

|f(x) = ()] = |z —y| < 2]z —y

Thus we have that f(z) is Lipschitz on the interval [0, 00). However, note that f?
is not Lipschitz since f? is unbounded. Thus f? cannot be a Lipschitz function.

2. Section 6.1

1. Use the definition to find the derivative of each of the following functions:

(a) f(z) := a3 for z € R.

Recall the definition of the derivative:

Definition 5. Let I C R be an interval, let f : I — R, and let ¢ € I. We say
that a real number L is the derivative of f at c if given any ¢ > 0 there exists
d(e) > 0 such that if x € [ satisfies 0 < |z — ¢| < §(¢), then

flx) = f(o)

—L‘<5.
T —c

In this case we say that f is differentiable at ¢, and we write f’(c) for L. In
other words, the derivative of f at c is given by the limit

f0) — 1 1@ = 10

Tr—cC Tr — C

provided this limit exists. (We allow the possibility that ¢ may be the endpoint
of the interval.)



Let h:=x2 —c. Then . = c+ h:

_ 3 .3
i @ @) @) g
h—0 h h—0 h
h3 + 3h%x + 3ha?
h—0 h
h(h? + 3hz + 3z?%)
h—0 h
= lim(h® + 3hz + 327)
h—0

=02+3-0-x+ 322

=040+ 32°
= 322
Thus f/(z) = 322
(c) h(x):=+/z for x > 0.
Vit h—\z

h—0 h—0 h

,m\/x+h—\/§.\/x+h+\/5
h—0 h \/x—|—h—|—\/i

lim r+h—2x
= li
h=0 h(v/x + h + /)
= lim h
0 h(VE T+ V)
1
0 Ve +h+yx
1
B Vr+0+x
1
VRN
1
=5/
Thus h'(z) = 5.~

2. Show that f(z) := z'/3, x € R is not differentiable at = = 0.

Proof. We must show that f(x) is not differentiable at x = 0. By the definition of
the derivative, the function f(z) is differentiable at x = 0 given that the limit exists.

8



So, let’s find the derivative at x = 0:
o S = 1@ | f@) = )

xr—rC €T — C x—0 :[;—O
1 1

3 — (03

x—0 x

= undefined

Since the limit is undefined when x = 0, we have that the limit does not exist at
z =0, and thus f(z) is not differentiable at = = 0.
|

8. (a) Determine where f : R — R given by f(x) := |z| + |z + 1| is differentiable and find
the derivative.

We can redefine f(z) as a piecewise function:

2x 41, x>0
f(z) =<1, —1<x<0
—2r—-1, z<-1

Thus to find where f(z) is differentiable, we will find the derivatives of each of the
three functions defined above in the piecewise definition of f(x).

For x > 0, we have

lim flx+h)— f(x)  lim 2@ +h)+1—-(2z+1)
h—0 h h—0 h
. 2+ 2h -2z
=lim ——MM—
h—0 h




Thus f/(x) = 2 when x > 0.

For -1 <z <0:

lim = lim
Tr—cC Tr — C r—c T — C
= lim
r—c T — C
= 1im0

Thus f'(z) =0 when —1 <z < 0.

For x < —1 we have:

i L&) — f(@) (=2(x+h) —1) — (=22 —1)

h0 h = ji I
. —2x—2h—-14+2x+1
= lim
h—0 h
3 —2h
=)
= lim —2
h—0
= -2
Thus f/'(x) = —2 when x < —1.
Now, we must check for differentiability when z = —1 and when = = 0.
So when z = —1:
o F@) = fQ) @)~ f-)
z—e T —C -1+ x+1
1-1

1m
r——1+x + 1

im
z—=—1tx + 1

= lim O
rz——11

=0

10



And

L@ = fe) L fa) = f)
T—e T —c z——1— r+1
~ lim (=2x—1)—(2-(-1)=1)
z——1- x+1
. —2r—1+3
= lim
r——1— T+ 1
. —2xr+2
= lim
z——1- x+1
= -2

So we have that f'(—1) does not exist since

i 1O =IED S = F=)
z——1- z+1 z——1+ r+1
Now for when x = 0:
L@~ fe) S~ f(0)
z—c T —C z—0t =0
~ im 2r+1)—(2-0+4+1)
z—0t x
. 2z
= lim —
z—0t I
= lim 2
z—0t
And
@) - f©) ) = )
z—e T —cC e—0-  x—0
.o 1-1
= lim
z—0~ x
= lim 9
z—0— T
= lim 0
z—0~
=0
So we have that f’(0) does not exist since
i F@=FO) L H ) = F(0)
z—0-— z—0 z—0+ T
Thus we have that the function is not differentiable at x = 0 or at x = —1; That is,
2, <0
0 —1<z<0
! o )
[y -2, r<-1

DNE z=1lorz=0

11



9. Prove that if f : R — R is an even function [that is, f(—z) = f(z) for all z € R]
and has a derivative at every point, then the derivative f’ is an odd function [that
is, f'(—x) = —f'(x) for all x € R]. Also prove that if g : R — R is a differentiable
odd function, then ¢’ is an even function.

Proof. Let f:R — R be defined such that f(—x) = f(z) V z € R. Then we have

(o) = i S =10
P R

T——c €r — (—C)

Now if we change every x for —z, then if —x — —c then x — ¢. So

A G G
T—C — + C
= tin 10 S0 - f(-x) = f@)Va € R
= — lim M
(0

Thus we have that f'(—c) = —f'(¢), an odd function.

- If f is an even function, then f’ is an odd function. ]

Proof. Let g : R — R be defined such that g(—z) = —g(z) V € R. Then

#(c) = lim g(x) —g(c)
And
§(—c) = lim g(x) —g(=c)

T—=—c I — (—C)

Let us change every x for —x if —x — —c then x — ¢. So

Y S——

:lc—>c —g(_xx) i i@ g(—x)=—g(z) Vo €R
_ iy (@) — 9(0)

T—C —(gj — C)
i @) — 9()

12



Thus we have that ¢'(—c) = ¢/(¢), an even function.

. If g is an odd function, then ¢’ is an even function. |

11. Assume that there exists a function L : (0, 00) — R such that L'(z) = 1/x for x > 0.
Calculate the derivatives of the following functions:

(a) f(z):=L2x+3) forz>0

Recall the Chain Rule:

Theorem (Chain Rule). Let I, J beintervalsinR,let g : I — Rand f: J - R
be functions such that f(J) C I, and let ¢ € J. If f is differentiable at ¢ and if
g is differentiable at f(c), then the composite function g o f is differentiable at ¢
and

(g0 f)(c) =g (f(c))- f(o).
So utilizing the Chain Rule:

So f'(x) = ﬁ
(c) h(x):= L(ax) for a > 0,2 >0

Once again utilizing the Chain Rule:
W(z) = (L(ax))’

1 /
_E'(ax)
- X

1
A
1
x

So W' (z) = 1.
3. (a) Show that e* = 2cosx + 1 for some x € [0, 7]

Proof. Let h(z) := e” — 2cos(x) — 1. Then we have that h(0) = 2 < 0 and h(7r) =
e™+1 > 0. Since h is continuous, by the Intermediate Value Theorem, we know that
there exists ¢ € (0,7) s.t. h(c) = 0. Thus we have that e® = 2 cos(c) + 1.

[

13



(b) Let h(x) = 23 + 2z + 1. Compute h(1), 1/(1) and [A71)(1).

A1) =1+2(1)+1=1+2+1=4
So h(1) = 4.

Now, as for A/(1):

So h'(1) = 5.
As for [h71)(1):

We first need to find 2. Since h(1) = 4, we must solve 2® + 2x + 1 = 1. So

P H22r+1=1
22 4+20=0
z(x*+1) =0

r(z+1)(z—1)=0

Thus z = 0.

Since h'(1) exists and since h'(1) # 0, we have that

(¢) Show f(z) = 2? for x € (—2,1] is a Lipschitz function.

14



(d)

Proof. To show that f(z) is Lipschitz, we have the following:

f ) x2—u2
Tr—Uu

r—U

_ ‘M(Hu)
r—u

(@ + u)
8

IA

Suppose that f : [a,b] — R and g : [a,b] — R are continuous with f(a) < g(a) and
f(b) > g(b). Prove that f(c) = g(c) for some ¢ € [a, b].

nd ¢ : [a,b] — R be continuous functions such that

Proof. Let f : [a,b] — R a
> g(b). We want to show that f(c) = g(c) for some ¢ € [a, b].

f(a) < g(a), and f(b)

Let h(x) := f(z) — g(z). Since both f and g are continuous, we know that h is also
continuous. And since h is continuous, we know that h(a) < 0, and h(b) > 0.

Recall Bolzano’s Intermediate Value Theorem:

Theorem (Bolzano’s Intermediate Value Theorem). Let I be an interval and
let f: 1 — R be continuous on I. If a,b € I and if k£ € R satisfies f(a) < k < f(b),
then there exists a point ¢ € I between a and b such that f(c) = k.

Thus by Bolzano’s Intermediate Value Theorem, we have that 3 ¢ € (a,b) s.t. h(c) =
0. Thus we have that h(c) =0 = f(c¢) —g(c) = ¢g(c) = f(c). Thus g(c) = f(c).
|

Prove: If f is uniformly continuous on (a,b), then for any sequence z,, in (a,b) that
converges, then the sequence (f(z,)) is Cauchy.

Proof. Let f be uniformly continuous on (a,b), and let (x,) be a sequence in (a,b)
such that (z,) converges.

Recall the Cauchy Convergence Criterion:

Theorem. A sequence of real numbers is convergent if and only if it is a Cauchy
sequence.

Since we have that (x,) is a convergent sequence, we know that (z,) is a Cauchy
sequence by the Cauchy Convergence Criterion.

Also recall Theorem 5.4.7:

15



Theorem. If f: A — R is uniformly continuous on a subset A of R and if (x,) is a
Cauchy sequence in A, then (f(x,)) is a Cauchy sequence in R.

Since (x,,) is a sequence in (a,b) and since f is uniformly continuous on (a,b), we
have that by Theorem 5.4.7, the sequence (f(x,)) is Cauchy.
|

(f) Prove: If f : [a,b] — [a, b] is a contraction, then f has a unique fixed point ¢ satisfy-
ing f(c) = ¢ for some ¢ € [a, b].

Proof. Since f is a contraction, we know that f is Lipschitz with k£ € (0,1). This in
turn implies that f is continuous.

By the Brower Fized Point Theorem, there exists ¢ s.t. f(¢) = ¢. We want to show
the uniqueness of this point.

Assume that there exists c1, ¢y s.t. f(c1) = ¢ and f(c2) = o, and ¢; # co.
Assume without loss of generality that ¢; < cs.

Consider the interval [c;, co] < [a, b]. Since f is a contraction, we have that

|f(c1) = fle2)| < Kler — ea] < |er — caf

Thus we have that |¢; — ¢ < |e; — ¢, which is a contradiction. Thus if f is a

contraction, then f has a unique fixed point ¢ satisfying f(c) = c.
]

4. Prove or justify, if true; Provide a counterexample, if false. For all parts, assume f is a
function defined on the given interval or set.

(a) If f is bounded and continuous on A, then f is uniformly continuous on A.

This is a false statement. Consider f : (0,2) — R given by f(z) := 1. It is clear that
f is continuous in (0, 2) as it is the quotient of two polynomials and the denominator

16



(b)

is never equal to 0. Let z,u € (0,2). First, suppose x > 5. So,

1 1 ‘

S el x>0, u>0,Vazue(0,2)
Tu

2|z — ul u 1 2
u

> = — <
U- U 2 T
2|z — ul

u2

2
:E|$—U|

<€
So |z —ul < “728 Thus, let § = min{%, %}. Hence f(x) is continuous on (0, 2).

Recall that in order for f(z) to be considered uniformly continuous, ¥V 6 > 0 must
always satisfy |v —u| < § V e > 0. However, if we let ¢ = 1, then we have that
Vo> 0:
: x x
x := min{J, 1}, u=g = |z — ul =3 <0

but
1

xz

>1=¢

i u

Thus f(z) is both bounded and continuous on A := (0,2), but f(x) is not uniformly
continuous.

If f is uniformly continuous on A, then f is bounded on A.

This is a false statement. Consider f : R — R given by f(z) := 3z + 7. Then if we
let x,u € R:

Bx4+7—Bu+7)|=13x+7—3u—17|

= |3z — 3ul
= 3|z — ul
<€

So, let ¢ := 5. Thus we have that f(z) is uniformly continuous. However, since R is
unbounded, we have that f is not bounded on A := R since 3 M > 0 s.t. |f(z)] <
MY xeR.

17



(c)

(d)

If f is uniformly continuous on (a, b), then f is bounded on (a, b).

This is a true statement. We prove it by way of contradiction:

Proof. Assume that f is uniformly continuous on (a, b), and suppose by way of con-
tradiction that f is not bounded on (a,b). Then we have that V n € N, there exists a
corresponding f(z,) s.t. |f(x,)| > n, where z,, € (a,b). By the Bolzano- Weirstrass
Theorem, there exists a convergent subsequence (x,,) C (z,).

Recall Lemma 3.5.2:

Lemma. If X = (z,) is a convergent sequence of real numbers, then X is a Cauchy
sequence.

Thus by Lemma 3.5.2, (x,,) is a Cauchy sequence.

Since f is uniformly continuous on (a,b), we know that f(z,,) is also Cauchy. How-
ever, this is a contradiction since f(z,,) is clearly divergent. Thus, we have that f
is bounded on (a,b).

|

If f is bounded on A, then f is uniformly continuous on A.

This is a false statement. Consider f : (0,2) — R given by f(x) := i It is clear that
f is continuous in (0, 2) as it is the quotient of two polynomials and the denominator
is never equal to 0. Let z,u € (0,2). First, suppose z > §. So,

1 1

= — x>0, u>0,Vazue (0,2

~—

2|z — ul N 1<
—_— "x J— J—
U U 2 T

SR

<€

So |z —ul < “725 Thus, let § = min{%a, $}. Hence f(x) is continuous on (0, 2).

Recall that in order for f(z) to be considered uniformly continuous, ¥V 6 > 0 must
always satisfy |x —u| < § V e > 0. However, if we let ¢ = 1, then we have that
V>0
: x x
x := min{d, 1}, u=g = |z — ul =3 <9
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(f)

but
1 1

T u

1 2

i T

1

x
Thus f(z) is bounded on A := (0,2), but f(z) is not uniformly continuous on A.

>1=c¢

The derivative of f at x = c is defined by f’(¢) = lim L:f(c) provided the limits
Tr—cC

X
exists.

This is true since this is the definition of the derivative.

If f is continuous at ¢, then f is differentiable at c.

This is a false statement. Consider f : R — R given by

{% =2 2€Q peZ q€Nst. ged(pq) =1

F@=10 rer\0

This is Thomae’s function, which we know is continuous in the irrationals, and dis-
continuous in the rationals. So, we know that f(c) is continuous at ¢ = /2, but
notice that f is not differentiable at ¢ = /2. In fact, f is not differentiable for any
values of c. We know that it’s not differentiable when x € QQ since f is not continuous
for any value € Q. As for our particular case where ¢ = v/2:

o F@ = 1) L @)~ f(V?)
Tr—C €T — C x%\/i xr — \/5
Y

1€Q = $:§7PEZ, q €N, ged(p,q) =1

Y
10

= lim <
1

= lim £
z—=V2 T

= lim
2

|,Q QS| =
S

= lim
z—V2 gp

1
= lim -
x—=v2 P

= DNE

Thus the limit does not exist since it is a contradiction that as z — v/2, = € Q, and
since v/2 ¢ Q, it’s impossible to substitute V2 for z. Additionally, since p € Z, p can
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(8)

(h)

equal 0, and thus the function is undefined at this point, again rendering the limit
non-existent. Thus f is continuous at ¢ = v/2, but f is not differentiable at ¢ = v/2.

If f is differentiable at ¢, then f is continuous at c.

This is true by Theorem 6.1.2:

Theorem. If f: I — R has a derivative at ¢ € I, then f is continuous at c.

If f is differentiable on [a, b], then f is uniformly continuous on [a, b].

This is a true statement.

Proof. Let f : |a,b] — [a,b] be a function such that f is differentiable ¥ = € A. Let
x,c € A, and without loss of generality, let 2 # ¢ (since f is differentiable everywhere,
f is also differentiable at ¢ = 0.).

Recall Carathéodory’s Theorem:

Theorem (Carathéodory’s Theorem). Let f be defined on an interval I contain-
ing the point c. Then f is differentiable at ¢ if and only if there exists a function ¢
on [ that is continuous at ¢ and satisfies

f(z) = fle)=d¢(z)(x—c) for zel
In this case, we have ¢(c) = f'(c).

Since f is differentiable at all points, we know that 3 ¢ s.t. f(z) — f(c) = ¢(z)(z—c).
Let ¢ be given by ¢(z) := f'(c).

Also, recall the Mean Value Theorem:

Theorem (Mean Value Theorem). Suppose that f is continuous on a closed
interval I := [a, b], and that f has a derivative in the open interval (a,b). Then there
exists at least one point ¢ in (a, b) such that

f(b) = fla) = f(c)(b— a)

Thus we have that f'(c) = f(xx_f(c) < M since f'(x) < MV z € R. Thus |z — | <
wlf (@) = flo)] <e.

1)~ f(@)l = i LI
= lim ()~ f(0)
<M-¢

Thus let § = ;.
Recall the definition of a Lipschitz Function:
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Definition 6. Let A C R and let f: A — R. If there exists a constant K > 0 such
that

(4) [f(z) = f(u)| < K|z —ul
for all x,u € A, then f is said to be a Lipschitz function (or to satisfy a Lipschitz
condition) on A.

The condition (4) that a function f: I — R on an interval I is a Lipschitz function
can be interpreted geometrically as follows. If we write the condition as

fx) = f(u)

r—u

<K, z,uel, v+#u,

then the quantity inside the absolute values is the slope of a line segment joining the
points (z, f(z)) and (u, f(u)). Thus a function f satisfies a Lipschitz condition if and
only if the slopes of all line segments joining two points on the graph of y = f(z)
over I are bounded by some number K.

If we let Mé = K, we have that f is a Lipschitz function.

Now, recall Theorem 5.4.3:

Theorem 0.1. If f: A — R is a Lipschitz function, then f is uniformly continuous
on A.

Also, recall the Continuous Extension Theorem:

Theorem (Continuous Extension Theorem). A function f is uniformly contin-
uous on the interval (a,b) if and only if it can be defined at the endpoints a and b
such that the extended function is continuous on [a, b].

And recall Theorem 6.1.1:

Theorem. If f: I — R has a derivative at ¢ € I, then f is continuous at c.

So, by Theorem 5.4.3 we have that f is uniformly continuous.
By Theorem 6.1.1, since f is differentiable V ¢ € [a, b], f is continuous on [a, b].

Thus by the Continuous Extension Theorem, since f is continuous on [a, b], we have
that f is uniformly continuous on (a,b).

Recall the Uniform Continuity Theorem:

Theorem (Uniform Continuity Theorem). Let I be a closed bounded interval
and let f: I — R be continuous on I. Then f is uniformly continuous on I.

Since [a,b] is a closed interval, and since f is continuous on [a, b], we have that by
the Uniform Continuity Theorem, f is uniformly continuous on [a, b].

o I f is differentiable on [a, b], then f is uniformly continuous on [a, b)].
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(i) If f is differentiable on (a,b) and f(a) = f(b) = 0, then f is uniformly continuous at
[a, b].

This is a false statement. Consider f : (0,7) — R given by f(x) := xsin(x). Then
we have that

fla) = f(0) =0sin(0) =0-0=0=m-0=7sin(n) = f(w) = f(b)

Recall Theorem 6.1.2:

Theorem. Let [ C R be an interval, let c€ I ,andlet f: I — R and g: I — R be
functions that are differentiable at ¢. Then:

i. If o € R, then the function «f is differentiable at ¢, and
(af)'(c) = af'(c)
ii. The function f + ¢ is differentiable at ¢, and
(f +9)(c) = f'(e) +g'(c)
iii. (Product Rule) The function fg is differentiable at ¢, and
(f9)'(c) = f(c)gle) + fe)g ().

iv. (Quotient Rule) If g(c) # 0, then the function f/g is differentiable at ¢, and
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So, if we let g(x) := z, and h(z) := sin(x), we then have

- - h —h
i FE O @) gt —gla) L b))~ hia)
c—0 C c—0 C c—0 C
_mfte-z, sin(z) + 2 - lim sin(x 4 ¢) — sin(z)
c—0 C c—0 C

(sin(z) cos(c) + sin(c) cos(z)) — sin(x)

. C .
= lim - - sin(z) + « - lim
c—0 ¢ c—0 c

(" sin(a + b) = sin(a) cos(b) + sin(b) cos(a))

—Jim 1 - sin(z) + 2 - lim (cos(x) _ Sinc(c) + sin(z) - M)

c—0 c—0 C

= sin(x T - lim COSx.Sin_(C) Sinm.COS()—l
= sin(z) + }HO( () - — = +sin(x) —<COS()+1C)
~ gin() + 2 1im [ cos(z .sin(c)  sinf) . sin?(c)

— sin(z) + }HO( () -2 sin(a) —<cos<c>+1>c>

(. sin®(c) + cos®

— sin(z) + - Tim ( (COS sin(z sm(c)) sin(c))

cos(c) + 1 c |
i S (o)
= sin(z) + x - cos(z) (}31_1)1% W)

o sin(z)sin(c) | _ sin(x)sin(0) cos(z
. ?B% <COS($) a W) = cos(x) cos(0) +1 B (z)

by continuity)

= sin(z) + x cos(x)

(. lim

c—0 C

sin(c)

=1)
Thus z sin(x) is differentiable on (0, ).

Now, let (), (u,) C (0,7) be given by x, := m, and u, := 7 + = for n € N. Then
we have

1 1
(xn—un)—ﬁ—(w—l—ﬁ) =

and thus .
lim (z,, — up,) = lim —— =0

n—0o00 n—oco N
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Now we have

) = flu)] = |rsine) = (-4 1) sin(r + 7)
et
= (i)
(e
:(W+ o)
()

We notice that lim 1 =0 and (sin (1)) is a bounded sequence in (0, 7). Thus

n—oo
) 1 1
lim [ —sin— ] =0
n—oo n n

sin(z)

* sin(m) =0

and
lim

z—0 x

1 sin (£
lim 7 sin <—) =7 lim ( 1(”)) =7
n—00 n %_>0 o

Thus lim (f(z,) — f(u,)) = 7.

n—oo

=1V2e(0,m)
This yields

Let e=m. Then 3k € Nst.Vn>k:

T—e< flx,) — flu,) <m+e
f(@n) = flu) >
|f(@n) = flun)| > 7
|f(@nir) = funsn)| >

Thus, for g = m, and the two sequences (z,1), (Unik), by the Nonuniform Conti-
nuity Criteria, f is not uniformly continuous on (0, )

. If f is differentiable on (a,b), and f(a) = f(b) = 0, then f is not uniformly

continuous on [a, b].
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