Real Analysis II Homework 6

Alexander J. Tusa
March 20, 2019

1. Section 3.7
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6. i. Calculate the value of Z (?
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ii. Calculate the value of Z (§> . (Note the series starts at n = 1)
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7. Find a formula for the series Z r*" when |r| < 1.
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n=1
Let S, = 72 + 7% + 7% + ... 4+ 92=D 1 2» " Then, we notice that S, = (r?) +
(r?)2 + (r?)® + -+ + ()" 1 + (r*)" which in turn yields S, = r?[1 +r? + (r?)? +
(r2)3 + -+ (r)"Y yielding S, = r?- 20" — 2 (1 — (#2)"). Since |r| < 1, we

1—r2 1—r2
know that [r?| < 1, and thus lim (r*)” = 0. So lim S,, = lig (1-0) = lig. Thus
n—oo
oo
Z r?" converges and is equal to %
n=1
o
i. Show that the series Z cosn is divergent.
n=1

We note that if the series converges, then lim cosn = 0. Consider the sub-
n—oo

sequence ny = 2k, for some k € N. Then klim cos(2km) = 1. And for the subse-
—00

quence ny, = 5 + 2km, for some k € N, then we have that lim cos (g + 2k:7r> =

k—o00
0. And since 0 # 1, we can conclude that cosn does not converge and that

lim cosn # 0. Therefore, by the nth Term Test, Zcosn diverges.

n—00
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cosn

is convergent.
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ii. Show that the series Z 5
n
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We note that }C‘;%| < #, and since E — is a convergent p-series, we have
n

n=1

oo
cosn .
that E - 1s also convergent.
n
n=1

If ¥ a, with a, > 0 is convergent, then is > a? always convergent? Either prove it
or give a counterexample.

Proof. Since Y a, is convergent, we know that by the nth Term Test, lima, = 0.
This yields that for e =1 > 0, there exists N € N such that for all n > N, we have

la, — 0| < e
la,| < e
la,| <1

O<a,<l1

since a, > 0, Vn. Since we know that 22 < x for 0 < z < 1, we have that
0<a?<a, <1, Vn>N. Thus, by the Comparison Test, since 0 < a? < a, and
since Y a, converges, we have that >_ a? converges. |

If Y a, with a,, > 0 is convergent, then is > /a, always convergent? Either prove
it or give a counterexample.



13.

16.

This is a false statement. Consider Y a, = > -5. Then we have that > \/a, = > +,
which is a harmonic series, which we know diverges. Thus if ) a, converges, then
> \/a, does not necessarily converge.

If > a, with a, > 0 is convergent, then is ) ,/a,a,51 always convergent? Either
prove it or give a counterexample.

Proof. We first notice that
an + Ap41

92 > AnQn41

So, we then have

4~ Qp + Qpt1 ap ap Gz Qz a3 a3 -
2 ;( 2 ) 2722 2 2 2 P ;

[o.¢] o
anp +a
: a n ntl ) _ : ) :
thus, since %+ g (T) = E a,, and since we'’re given that > a,, converges,
n=1

n=1

= (a, +a, ,
then Z <g> converges. Thus by the Comparison Test, we have that

2
Ap + Qptq
Ay > (%) > \/GpQGpiq

n=1

o
yields that Z \/Gna,11 also converges. ]
n=1

Use the Cauchy Condensation Test to discuss the p-series Z(l /nP) for p > 0.

n=1

By the Cauchy Condensation Test, we must show that the series Z 2" - a(2") con-
n=0
verges. So,
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We notice that this is now a geometric series, with |r| = [2'7?|. Then we note that
if [217P] < 1, the series converges, and otherwise the series diverges.

17. Use the Cauchy Condensation Test to establish the divergence of the series:
] 1
" Z nlnn

By the Cauchy Condensation Test, we have
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Since Y- % is a harmonic series, we know that the series diverges. Thus we have

that > 2" L__ diverges as well. Thus by the Cauchy Condensation Test, we

" 2npon

have that >~ —— diverges also.

nlnn

" 1
H Z n(lnn)(Inlnn)

By the Cauchy Condensation Test, we have

1 . 1
2. n(nn)(Inlnn) 2.2 27 (In2") - (In(In 2))

= 1
B In27 - Inn 27
-y 1
B (nIn2) - (In(nln2))
1
B Z (nIn2) - (Inn+Inln2)
1
~ Zn~(lr12—i—hah[12

1
>Zn~lnn
1

Since we showed in part (a) that ) 2" - —— diverges, and thus by the Com-
parison Test, since 0 < ol

(In2 < 1)

. 1 .
< ——, since ) | —— diverges, then so does

Inn)(Inlnn)

1
Z (In2m)(Inln27) "

2. Use the tests in section 3.7 to test the given series for convergence or divergence. State
clearly which test is used. Also, for parts a-f, write out the first three terms of each series.
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(c)

i 2n+5
3n2 +2n —

First three terms:

Note that 2n < 2n + 5 and that 3n? 4+ 2n — 1 < 4n®> — m > ﬁ, and thus

2y = 5 < gamar—. Since Y5 = 5> & yields a half times the harmonic series,
which we know is divergent, we have that by the Comparison Test, > % also
diverges.

“n—1
nz; n2n

The first three terms:

e}

Zn_1—0+l+i+
op20 8 12

We note that Z r 5 looks similar to Z <§> , which is a geometric series. We
n
n=1

(o) 1 n
also note that the series Z (§> converges since }%| < 1. Then, by the Limit Com-

n—1 00 n
o . 1
parison Test, we have lim ( ("f)n> =1 # 0, and thus since g (5) converges,
n—o0 =
2 n=1

Vit
Z2+x/_

The first three terms of this series are:

_l’_
2+ V/nd 3 2+2f 2+3x/_

Z\/_Jr?r T+ 1 7T+\/_ 7r+\/_

. Thus we

We note that /7 + 7 < v/ and that 2+ V/n® > ni = —L_ <

have that
Vntm \/ﬁ B
2+ v/nd  ni

We note that > % converges because it is a p-series where p > 1. Thus by the
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Comparison Test, we have that Z must also converge.

2+\/_



n=1

The first three terms are:

[e.o]

L, 1 1
Z pnn + o(In2)? + o(In3)2 RIEEE

n=1

1 1

<
nln n nln 3

We note that —— looks like =15 and that 0 <

1

since -3 is a convergent p-series since In3 > 1, E —— must also be convergent.
nin n

. By the Comparison Test,

n=1

© >

The first three terms of the series are:

i LS SN SR S
s Inn In(2)  In(3) In(4)

We note that n > Inn — % < . Then by the Comparison Test, since Z —

Inn

is the Harmonic series, we know that it diverges, and thus by the Compa’mson Test,

since Y+ <

“ n+lnn
() Z n?+1

n=2

we have that Z —— must also diverge.

lnn’ lnn

The first three terms of the series are:

“n+Inn  In@2)+2 mn3)+3 In4)+4
> = + + +

—~ n?+1 5 10 17
n+lnn L1 .y ‘
We notice that Rl looks like —. So, by the Limit Comparison Test, we have
n n
lim n,’;—lﬁln i n?+nlnn
n—o00 % n—o0 n2 =+ 1
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(g)

(h)
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n?4+1

=1 . n+1Inn
Thus by the Limit Comparison Test, since g — diverges, we have that g ntmn
n
n=2 n=2

diverges.

“n+1

We note that n < n + 1 and that n? > "72 = n% < % and gives us that
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Since 2 Z - is a harmonic series, it is divergent. Thus by the Comparison Test, we
n=1

“n+1
have that g _z is also divergent.
n
n=1
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Z (Inn)"

By the Cauchy Ratio Test, we have the following:

1
In(n+1)n+l |
_ 1
In(n)»

In(n)"”

li — | =
S In(n + 1)»+!

n—oo

n—oo

= 1
Thus by the Cauchy Ratio Test, since L = 0 < 1, we have that E W is a con-
n(n)”
n=1

vergent series.
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Notice that 1;11—2" < n% So, we must note that g — Is a convergent series since
n

n=2
it is a p-series with p = 2 and p > 0. Thus by the Comparison Test, we have that
. =1n(n)
the series Z_; 3

is a convergent series.

o0
Inn

n
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We notice that IHT” looks like % So, by the Limit Comparison Test, we have

Inn
lim % = lim Inn =
n—oo E n—00



o0

1
Since Z — is the harmonic series, we know that it diverges, and thus by the Limit
n

n=1

o0
Inn
Comparison Test, we have that E —— diverges as well.
n

n=1

() Z\/_-i-l

Notice that vn3 < 2vn3 — \/77++1 > #nfg, which gives us that

Vi Vn
2vn3  Vnd+1

(e o]

1
Since the series 5 Z — is a harmonic series ,we know that it diverges, and thus
n

. Vi
7 V/nd + 1

we know that by the Comparison Test we have that the series Z is also

divergent.

> n
m>h
n=1

By the McClaurin Integral Test, we have

o x o
/ —d:E:/ ze T dx
X
1 € 1

By Integration by Parts, let u =z, dv = e *dx, du = dr, v = —e~*. Then we have

= —xe ¥ —e ‘TO
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T e
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Thus, since — dx converges to £, we have that E — converges.
1 e

e
n=1

3. Write the given expressions as a quotient of two integers.



(a) 3+14+3+5+g5+a+--
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(b) 3.215

BB =34 4 (o o 0y
T 1000 ~ 100000 ~ 107

Sy 2y D Ly L
710 T 1000 102 103

(a) Let a, be a sequence of real numbers and b,, = a,, — a,,_1 for all n € N. Prove: > by
converges if and only if the sequence a,, converges. In this case, find the sum of ) by.

Proof. Let (a,) C R and let b, :=a, —a,_1 Vn € N.
(=>) Assume Y by converges. Then by the Cauchy Criterion for Series, we have

Ve>0, 3M() eNst.if m>n>ME) = |sm—sal <¢€

This yields that

$m = Sn| = [(@rrr — an) + (Gorz — Qo) + -+ + (Qon=T — Qin=7) + (A — Qor=T))|
= |t — ay|
<e€

Thus by the definition of a Cauchy Sequence, a,, is a Cauchy sequence and thus
by the Cauchy Convergence Criterion, a, is a convergent sequence.
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(<=) Similarly, suppose a, is a convergent sequence. Then by the Cauchy Convergence
Criterion, a, is a Cauchy sequence. SoVe >0, 3 H(e) € Nst.Vm >n >
H(e), n,m €N, |a, —a,| <e. So,

|G — an| = |(@ng1 — an) + (Ang2 — Any1) + -+ (@1 — Gm2) + (G — Q1))
= |(Sm—1+ am) — (Sn—1 + an)|,
by the definition of the infinite series generated by (a,)
= Sm—1+ Qm — Sn_1 — ay|
= |Sm — n|

<é€

Thus by the Cauchy Criterion for Series, since |s,, — s,| < € for all m > n >
H(e),H(e),m,n € N, the series > a,, — a,_; converges, which implies that the
series Y b, converges.

Thus, we have that Y b, = lim (b,) = lim (a,, — a,_1), by Theorem 3.7.3, and thus
n—oo n— o0
by the nth Term Test, since > b, converges, we have that lim (a,, —a,—1) = 0. Thus
n—oo

S b, = 0.

(b) Let a, be a sequence of real numbers. If lim a, = A, find the sum of

n—oo
00
Z(an—H - 2an + an—l)
n=1

By the Cauchy Convergence Criterion for Series, we have that V e > 0, 3 M(¢e) €
Nst.if mneN, m>n>ME) = [Sm—Sa| = |ant1+ ania+ - +an| <e. So,

|$m — 8u| = [(@nrz — 20041 + an) + (Qrrg — 20777 + Q1)
+ (@t — 20775 + Q) + (G — 20577 + Grrg)
+ ...
+ (8 — 20571 + Gor=z) + (@ms1 — 2 + Q=) |
= |an — Qpy1 + Qi1 — Q)

<e€

This yields that the sequence of partial sums of a,,+1 — 2a,, + a,_; is bounded. Thus

by Theorem 3.7.3, Z(an+1—2an+an_1) = lim (ay11—2ap,+a, 1) = A—2A4+A =0.
n—o0

n=1

3

(c) IfZ (k az)

for n € N, show that Z ar =
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Proof. It n =1, thenZl-alz—

k=1
If n > 2, then
Zkak:a1+a2+~--+(n—1)an,1+nan
k=1
o n+1
Cn+2
J
n+1 n
na, = —
n+2 n+1
B 1
(n+1)(n+2)
So a, = m thus we have the following:
Sy
~  “=n(n+1)(n+2)
1 & 1 1
B 5; [n(n—i—l) C (n+D(n+2)
1
-5 as we did on the previous homework
= 2 1 3
S n — =
O;& 5121
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