Real Analysis II Homework 5

Alexander J. Tusa
March 7, 2019

1. Find the sum of the following series.
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2. Prove that each of the following series diverges.
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Proof. Recall Theorem 3.7.1 — The n'™-Term Test:
Theorem (The nth Term Test). If the series ) x,, converges, then lim(x,) = 0.

Let a, be the sequence whose terms are obtained by a,, := 5.5, for n € N. Then we
have . 1
T}LIIC)IO a, = nlggo ol nlggo 5 by L’Hospital’s Rule = 5 #0
Thus since lim a, # 0, we know that by Theorem 3.7.1, Z is divergent. ]
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n=1



> 1
b -
(b) ;COSTL2

Proof. Let a, be the sequence whose terms are obtained by a,, := cos (#), forn € N.
Then we have

: . 1

lim a, = lim cos (—) = cos(0) =1
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By The nth Term Test, since lim a, # 0, the series Zcos (—> is divergent. W
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Proof. Let a,, be the sequence whose terms are obtained by a,, := nsin (%), forn € N.
Then we have
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lim a, = lim nsin (—) = lim w = lim —2— = lim cos <—) = cos(0) =1
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By using L’Hospital’s Rule. Thus by the nth Term Test, since lim a, # 0, the sum
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Proof. Let a, be the sequence whose terms are obtained by a, := (1 — %)n, for



n € N. Then, we have
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By using L’Hospital’s Rule. Thus by the nth Term Test, since lim a, # 0, we have
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3. (a) Give an example of two series ) ay and > by, that differ in the first five terms, yet
converge to the same value.
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Consider Z (5) . This series converges to 2. Also notice that 1 +2 + 3 +4 —

n=1

(o) 1 n
102 (§> = 2. Thus the first five terms are different but converge to the same
n=1



(b)

value.

Give an example of two series Y ay and > by that differ in infinitely many terms,
yet converge to the same value.

Counsider the sums
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nZ:O 32 \ 16 ; n(n+1)
Let a, and b, be the sequences whose terms are obtained by a, := % (%)n, for
n=20,1,2,3,..., and let b, := m, for n € N. Then we have
(15 15 15 15 15
n = 327512781927 131072° 2097152" "

and
_— 11 1 1 1
"\67127207307 427

It is clear that since the numerator of each term of a, is always 15, and that the
numerator of b,, is always 1, these two sequences are different at every term and thus
differ in infinitely many terms, and thus the terms of the sums > a, and > b, also
differ in infinitely many terms. Thus the first five terms of ) a,, are

15255 4095 65535 1048575
327 5127 81927 1310727 2097152

and the first five terms of > b, are

1 1 3 1 5
6> 4> 10" 37 147 "
However, notice that > a, and > b, converge to the same value:
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Thus we have that

n=0 n=2

(c) Give an example of two series ) a; and ) b, that converge to real numbers A and
B, respectively, but the series > aiby, converges to a value different from AB.

Consider the series Z (5) and Z (5) . Then we have
n=0 n=0

= /1\" 1 2
Z(E) =7-1-12

and
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Note that 2 - % = g = 3. But the series
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(d)

Thus we have that the product of the sums, 3, is not equal to the sum of the prod-

ucts, 2.

Give an example of a series that diverges and whose sequence of partial sums is
bounded.

o0

Consider an alternating series, Z(—l)”. Then, note that S; := —1, Sy :=—1+1=

0, S := —1+4+1—1=—1,8 = —141—1+1=0,.... Then we have that
the sequence of partial sums is bounded below by —1 and is bounded above by 1.
However, since this is an alternating series, we know that by the Geometric Series
Test, since |r| = | — 1] =1 £ 1, this series is divergent.

4. Prove or justify, if true. Provide a counterexample, if false.

(a)

(b)

If a,, is strictly decreasing and lim a,, = 0, then ) a,, converges.
n—oo

o0
1 1
This is a false statement. Consider the series E —. Then, we have that lim — = 0,
— n n—oo 1,
= e’}
however since this is a harmonic series, we know that it is divergent, thus E — =00
n

n=1
is divergent.

If a, # b, for all n € N and if > (a, + b,) converges, then either > a, converges or
> b, converges.

This is a false statement. Consider the series Z(—l)" and Z(—l)”“. Then we
n=1 n=1

have that Z(—l)" =—14+1—141—1+4..., which is divergent by the Geometric
n=1

Series Test, and Z(—l)”Jrl =1-141—14+1—1+..., which is also divergent by

n=1
the Geometric Series Test. However, Z(—l)” + (=) =0+0+0+0+---=0
n=1
and thus converges. However, a,, # b, for all n € N since a,, :== —1,1,—-1,1,—-1,1,...

and b, :=1,—1,1,—1,1,—1,.... Thus for all n € N, either a, = -1 # 1 =b,, or
a, =1 # —1 = b,. Thus we have that > (a, + b,) converges but neither »_ a,, nor
>~ by, converge.

Suppose Y (a, + b,) converges. Then ) a,, converges if and only if > b, converges.

This is a true statement since if > (a, + b,) converges, then both a, + b, converges,

12



as was covered in our notes.

(d) If 7}1—{& a, = A, then Z(an — Qpy2) = a1 + ag — 2A.
n=1

o0 o0

Proof. Notice that we can rewrite the sum Z(an—an+2) as Z ((an — apy1) + (ans1 — ang2)).
n=1 n=1

Now, we have that the nth partial sum yields a telescoping series:

Su = [(01=99) + (02— 98)|+ (35— 90) + (35— 90)| -+ [(65— 1) + (orr— tn2)]
So S, = ay+as—ayi1— Ay, which yields lim =a;+as—A—A=a;4+a;—2A. A

n—oo

(e) > a, converges if and only if lim a, = 0.

n—oo
oo
This is a false statement. Consider the series g —. This is the harmonic series,
n
n=1

1
which we know diverges. However, lim — = 0. Thus the limit is equal to 0, but the
n—oo N

series does not converge.

(f) Changing the first few terms in a series may affect the value of the sum of the series.

Proof. Suppose x,, — x. Then for all € > 0, there exists some N € N such that if

n > N, then |z,, — 2| < e. Now, suppose 2/, is a sequence such that for n > M, then
/

T, = Tp.

Let ¢ > 0 be given. Then there exists some N € N such that for all n > N,
|z, — 2| < e. Let N' = max(N,M). Then if n > N’, we have that |2/, — z| < e.
Hence z!, — z.

Consider a convergent series »_ x,. If we let s, = z1 + 29 + -+ + z,, then we
have that s,, — s.

Consider the series Y z,, where for n > M, then 2, = z,,. Let s/, = 2| +ah+---+a.

Note that for n > M, we have s/, — s, | =2, +- -+, =xp +---+z,, and thus

/ / _ / /
S, — 1 =8p —Sm—1 — S — Sp—1. Hence s/, = (s — spr—1 + Shy_q)- [

(g) Changing the first few terms in a series may affect whether or not the series converges.

This is a false statement. Consider the telescoping series used previously, given
- 1

by Z —— . We know this series converges to % Consider changing the first few
—~ n(n+1)

terms as follows:
1
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(h)

Now we have that this series converges to 1, not % However, despite changing the
first few terms of the series, we did not change whether or not it converges. This
is because the first few terms of a series can only finitely affect the sum. Thus, if a
series converges, a finite change to the terms will still create a finite sum. Likewise, if
the series diverges, a finite change will not allow the series to converge to a finite sum.

If > a, converges and lim dn _ 0, then > b, converges.

n—o0 n

o n o0
1 1
This is a false statement. Consider the series Z (—) and Z —, which we note is
2 n
n=1 n=1
oo n
. . 1 1 S .
the harmonic series. Then we have that Z 3) =1 1° 2 since it is a geometric
n=1 T2
series. Thus ) a,, converges. Also, notice that
()"
lim 21 =0
n—oo —
n
[e.e]
However, since » b, = Z —, which is the harmonic series, we know that it is
n

n=1

divergent, and thus if > a,, converges and lim In _ 0, > b, can still be divergent.

n—oo n
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