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1. Evaluate

1 x+h
(a) lim—/ Vt+ lcost dt
h—0 h =

z+h T
/ \/t+1costdt—/ Vit+ 1lcost dt
0 0

1 x+h
lim — Vt+1lcost dt = lim
h—0h [/, h—0 h
F h) — F v
= lim (z+h) (x)’ where F(x) := / Vt+1lcost dt
h—0 h 0

d x
F'(z) = %/ Vit+ lcost dt

let h(z) =2, g(x) =0, and f(z) := V& + 1cosz then
F'(z) = f(h(z)) - W(z) = f(g(x)) - §'(x)
=+vVx+1lcosz-1—-+v0+1cos0-0

=+vz+ lcosx

Thus F'(xz) = v/x + L cosz.

(b) lim — / £ dt
T—a T — QA a

. a:-/tzdt
/ 2 dt = lim —2&——

lim
z—=a r — Q r—a T — a
:1imx(:172-1—a2-0)
T—a 1—0



(c) hm \/ +t2 dt

z—0

/\/—tzdt

hm \/ + 2 dt = lim

2—0 a0 x
= }g% VO+a?-1 I VO O, by L’Hospital’s Rule and Leibniz’s Rule
G
=3

2. (a) Show that (z?sinz)/2 is not an antiderivative of z cos .

Proof. We want to show that “’25—2‘“ # [ 2 cosx So, we note that we can use Theorem
7.3.17 Integration by Parts. So, let u =z and dv = cosz dx. Then

du=v'dr=1-dr=dx
and

v:/cosxdx:sinx+0

for some arbitrary constant C'. Then,

/xcosxdaz:uv—/vdu

=gxsinz — /sin:c dx
=zsinx — (—cosz + C)
=zxsinz +cosx + C

for some arbitrary constant C'. And thus we have that the antiderivative of x cosz =
xsinx + cos z, which we note is not equal to o?sing Sm”” . That is,

r?sinx
2

/wcosx =xsinx + cosx #

(b) If 22 cosz = / f(t) dt, find f(x).
0
Since / f(t) dt = 2* cosz, we know that z%cosz = F(x). Thus, in order to find

f(z), W(é must find F'(x) = f(z). So,

2 2
- —9 —
mx CoS T x cos(z) — x”sin(x)

And thus we have that f(z) = 2z cos(x) — 22 sin(z).



(c) Let F(z) = / ze'” dt for z € [0,1]. find F”(z) for z € [0,1]. (Note: F'(z) # ze®")
0

F(x):x/ e’ dt
0
/ x2 v t2
Fllz) =x-e" + [ e dt
0
F'(z) =z -2z 4 ¢ +ev
:2(:152%—1)69732

So F"(z) = 2(z® + 1)e*’.

2
3. Suppose f is nonnegative and continuous on [1,2] and that / 2 f(x) de = 5+ k? for
1

k=0,1,2.
Prove each of the following:

(a) /1 f(V) dr < 20.

Let u = /x, then du = u'dz = ﬁi dx and thus dz = 2/x du. So,

/14f(\/5)d:17=/12f(u)2\/5du:2/12\/§f(u)du:2/Zuf(u)du:2(5+1):12

1
Thus 12 < 20.

(b) /I/ﬂf(l/xQ) dz < 5/2.

Substitute v = x—12 and du = ;—32 dz. x% dr = _71 du.

Weknow\/iﬁgxglandﬁgx?’gl. So 2v/2
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Let u =2 + 1. Then du = v/dx = 1dx = dz. Then,

/lezf(erl) dx:/zfo(u) du

1

3



/01x2f(:c+1) d:c:/IQ:CQf(U) du

:/12(u_1)2f(u) du

:/12(u2—2u—|—1)f(u) du

_ /12 Cf () du— 2uf(u) + f(u) du
:/QUQf(u) du—2/12uf(u) du+/12f(u) du

1
= (5+2%) —2(5+1%) + (5 + 0%
=9—-124+5
=2

" /1$2f(:v+1) dr = 2.
0

1 2
4. Suppose that f € R[1/2,2] and that / ¥ f(x) do = / o* f(z) do + 2k* = 3 + k? for
1/2 1
k =0,1,2. Compute the exact values of the following integrals:
1
(a) / 2 f(2* +1) do
0

Let u =22 + 1. Then du = v'dx = 2z dz. Thus dz = 2. Note that 2% = u — 1. So,



we have

/1a:3f(x2+ 1) dx
0

I I I
—

N = N = N = N = N = N = N =

—

L O R e B s |
g
=
E
QU
N
_|_
[\
|
(@)

—_

[\

<
— /\\ —~
£
QU
N
|
|
=
£
oY
N

—_
|
(@)

]

DO |




Let u = v/1 — 22. Then du = v'de = —2% dx. Thus dx = =2¥1=2 VQII_L”Z du. So,

2v1—a2
e x3 5 7 8 —2u

| A== o= Mg 5
e,
:/2 —2%f(u) du
:—[1(u2—1)f(u) du
— [ du
= 11f(u) du—[lfsz(u) du
_(32+02)—(3+;2)
=3-7
S

./0 mf( 1 —2?) doe = —4.

5. Suppose that f, g are differentiable on [0, ¢] and that f', ¢’ € R[0,¢].

(a) If /j@ dx < f(e), prove that /ef’ (x)Inz dz > 0.

/f 1n|1/f
, dv = .

= f'(z) dz, du = dz,

(@) - In(z) dr — fla —dyc— fey = [ Larso
J |- [ |

Since [{ 12 dr < f(e).

where u = In(x)

(b) If f(0) = f(1) =0, prove that /0 e’ If(z) + f'(z)] dz = 0.

Proof. 1 1 1
/0 & [f(2) + f'(2)] do = /0 e f(z) da + /0 e f'(z) do



6. (a)

(b)

Let us use Integration by Parts on the second integral containing f’(z). Let u = €”.
Then du = e* dz, dv = f'(x) dx, and v = f(z). Then we have the following:
1

—/1f e’ dx

/Ole”‘“f(x) dx—l—/olf’(:v) dx:/lex ) d:L‘+exf(:L*)0
— (1) = F(0)
=e-0—1-0

—0-0

=0

" /0 e’ [f(z) + f'(x)] dz = 0. m

Let f :[0,0] — R, b > 0 be continuous and f(z) # 0 for all z € (0,b). Further,

suppose [f(z)]* = 2/0 f(t) dt for all z € [0,b]. Prove that f(z) = x for all x € [0, b].

We have

2f () f'(z) = 2f(x)
which implies f(z)[f'(x) — 1] = 0. Since f(z) # 0, then f'(z) —1 = 0. So
f'(x) = 1 and f(z) = o + C for some arbitrary constant C. But f(0) = 0 since
[f(0)?=0 = f(0)=0. So f(z) ==x.

Suppose that f is defined on [0, 1] with f(0) = 0 and 0 < f'(x) < 1. Prove that

[ / @) dwr > | @) dr

Proof. Let z € [0,1]. Then F(z) = [ [ f}Q - f03 2. So f(0) = 0. Thus F'(z) =
2[5 f] - @)= f3(x) = f(x) [2 [ f— f?] since f(0) =0 and 0 < f/(x) < 1 which
implies that f is strictly increasing. So f(x) > 0. |



