Real Analysis II Homework 2

Alexander J. Tusa
February 23, 2019

1. Section 7.4

1. Let f(x) := |z| for —1 < x < 2. Calculate L(f; P) and U(f, P) for the following
partitions:

(a) P, :=(-1,0,1,2)

Our terms are:
To:=—1, 21:=0, 29:=1, z3:=2

and our intervals are:
I :=[-1,0], Iy:=][0,1], I3:=11,2]

thus L(f,Py) is:

f7P1 Zmz Ty — Tj— 1

= Z (inf{ f (x wion, @)} (3 — i)
_ (int{a] s v € (1,00 - (—1)
+ (inf{ja] : z € 0, 1]})(1 - 0)
+ (inffle] : z € [1,2]})(2 - 1)

=0-14+0-1+1-1
=0+0+1
=1



and

U(f,Py) ZM i~ Tio1)
= Zsup{f(a:‘) 1w € [mimy, i

= Zsup{|a:| z € [, ] H o —

_(sup{]x|.x€ [—1,0]})(0 — (-
+ (sup{|z| : 2 € [0,1]})(1 = 0)
+(sup{Je] - w € (L2~ 1)
=1-14+1-14+2-1
=1+1+2

=4

}
(
(2 -

So, L(f,P1) =1and U(f,Py) =

(b) 7)2 = (—1

7_1/2707 1/27 173/27 2)

Our terms are:

and our intervals are:
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So L(f,P») is

= Z mi(ZUz' - «’Ez‘—l)
i=1
n
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and

aliwe |—1,—2| V(=2 - ()
= su r|:w -1, —= e
p 75 5
tsupdlalize |—< 0| b (o= (-2
sup | |z| : x 5 5
1] 1
: 0, = -—0
—l—sup{\:c[ x € ,2_}<2 )
1 1
rx e |-, 1 1 ——
—l—sup{\x! x B }( 2>
[ 3] 3
Lofy (21
—l—sup{\x| :1:6_,2_}(2 )
3 ] 3
: Solbfo-2
+sup{|x| T € B }( 2>
1 1 1 1 1 1 3 1 1
—]. -4 .4+ .1 ]1.242.2149.=2
2+2 2+2 2+ 2+2 2+ 2
I
2 4 4 2 4
13
4

So L(f7732):;iand U(f=7)2>:%

2. Prove if f(z) := ¢ for x € [a,b], then its Darboux integral is equal to ¢(b — a).
Proof. Let P := (zg,x1,...,%,) be a partition of [a, b] where
A=< T <Xy < ---<x,=0b

then M; := sup f(z) = csince f is constant, for all z € [z; 1, z;], and m; := inf f(z) =
¢ again since f is constant, for all = € [x;_1, 4].



Then we have that

= Z Mz(ﬂiz - 56'@'71)
_ Z —z)

n

= CZ(:L‘Z — T 1)

i=1
(xy — T0)
(b —a), as both b and a were defined for P

C
C

So U(f,P):=c(b—a). As for L(f,P):

Emzzle
n

= Z c(x; — i)

i=1

:CE -Tzl

= c(xn — Zp)
=c¢(b—a), as both b and a were defined for P

and thus L(f,P) = ¢(b — a).

Now we must find the Darboux integral of f(x). So we have that the upper Darboux
integral of f(x) is

U(f) =inf{U(f,P):P e Pla,b]}
= inf{c(b—a) : P € Pla,b|}
=c(b—a)

and the lower Darboux integral is

L(f) =sup{L(f,P): P e Pla,b|}
=sup{c(b—a) : P € Pla,bl}
=c(b—a)

Thus we have that U(f) = L(f), which yields that f is Darboux integrable on |a, b]
and the Darboux integral of f is ¢(b — a). |

. Let f and g be bounded functions on I := [a,b]. If f(z) < g(x) for all x € I, show
that L(f) < L(g) and U(f) < U(g).



Proof. Let f,g be bounded on I := [a,b] such that f(z) < g(z) V = € I, and let
P = (xo,21,...,x,) be a partition of [a, b] where

a=ro<r1 < - <x,=0>
Let M;, := sup{f(z) : x € [z;_1,2;]}, and let m;, := inf{f(x) : = € [x;_1,2;]}, and
M;, = sup{g(z) : © € [x;_1,2;]} and my, := inf{g(x) : © € [z;,_1,2;]}. Then since

f(z) < g(x), we know that sup f(z) < sup g(x) and that inf f(z) < inf g(z). This in
turn means that

sup{f(x):x € [z;_1, 2]} <sup{g(x):x € [x;_1, 2]}

and
inf{f(z) :z € [z;_1, 2]} <infl{g(z): x € [x;_1, 24|}
which implies that M;, < M;, and m;;, <m,, fori=1,2,... n.

Then we have the following:

Zmzl — Ti— 1 <Zng — Ti— 1 L(g77j)

So L(f,P) < L(g,P) and

= ZMZI — X;— 1 < Z — T 1 U(g,P)
i=1

So U(f,P) <Ul(g,P).
Now, we have that
L(f) = sup{L(f,P) : P € Zla,b]} <sup{L(g,P):P € &} = L(g)
And so L(f) < L(g). Also,
U(f) = inf{U(f,P): P e P} <inf{U(g,P) : P € 2} =Ul(y)
And thus U(f) < U(g).

E f(x) < g(x), then L(f) < L(g) and U(f) < U(g)- u

. Let f,g,h be bounded functions on [ := [a,b] such that f(z) < g(z) < h(x) for all
b b
x € I. Show that if f and h are Darboux integrable and if/ f= / h, then g is

b b
also Darboux integrable with / g= / f



7.

Proof. Let f,g,h : [a,b] — R be bounded functions such that f(z)

< g(z) <
b b
h(z) ¥ z € [a,b], and suppose f and h are both Darboux integrable, and / h.
We want to show that ¢ is also Darboux integrable and that / / f

Since f and h are Darboux integrable, we know that U(f) = L(f) and U(h) =
L(h). Thus by the theorem posed in Problem 3, we know that U( ) < U(h) and
(

L(f) < L(h). We also know that L(f) = U(f) = / f and that L(h) = U(h) =

[o]

Again, by Problem 3, we have that L(f) < L(g) < L(h) and U(f) < Ul(g) < U(h).
b b
Thus we have that / f<L(g) < / f and/ f<U(g) < / f, which thus yields

that L(g) = [ f, and that U(g) = [’ f. Hence L(g) /f

b b
.. g is Darboux integrable and / g= / f. ]

. Let f be defined on [0, 2] by f(x) := 1ifx # 1 and f(1) := 0. Show that the Darboux

integral exists and find its value.

1, z€l0,2]\{1}

0, =1

Thus f is bounded on [0, 2] Now, let g : [0,2] — R be given by g(z) := 1. Then since
g is a constant function, we know that g is continuous on [0, 2], and thus by Theorem

7.2.7, g € R[0,2).

Proof. Let f(x) :=

2
So, / lde =2—-0 =2 And since f(z) = g(z) V x € [0,2] \ {1}, we have
0

2 2
that f € R|[0,2]. Also, / f :/ g=2.
0 0

.. By the Equivalence Theorem, since f € RI[0,2], f is Darboux integrable and
2

/ f=2

0

a. Prove that if g(z) := 0 for 0 < z < 1 and g(z) := 1 for 1 < = < 1, then the
Darboux integral of g on [0,1] is equal to 3.

0, 0<z<3
Proof. Let g(z) := . We want to show that the Darboux integral
1 <1
R 5 <z

of g on [0,1] is equal to 3.



Since g on the interval [0, %] is a constant function, we know that ¢ is contin-

uous on that interval, and is thus Riemann integrable, whose evaluation yields

2 2
/g:/ 0=0.
0 0

Now, let p(x) =1V z € [%, 1]. Then we have that ¢ is a constant function and

is thus continuous, and again by Theorem 7.2.7, ¢ is thus Riemann integrable,

1
1 1
whose evaluation yields / 1=1- 3= 5 Thus, g = ¢ except at % Hence g
1
2

1 1 1 1
is integrable on the interval [0, 1], and evaluates to / g = / g+ / 9=73
0 0 L
Thus, by the FEquivalence Theorem, we have that g is Darboux integrafole. ]
b. Does the conclusion hold if we change the value of g at the point % to 137

If we were to change ¢ at the one point then Riemann integrability is not affected,
1
1
thus if g(3) = 13, then g remains integrable on [0, 1] and / 9=73 Thus, g is
0

1

1

still Darboux integrable on [0, 1] with / 9=73
0

9. Let f; and f5 be bounded functions on [a, b]. Show that L(f1) + L(f2) < L(f1 + f2).

Proof. Consider the partitions P; of f; on [a,b], and Py of fy on [a,b], and let
P =Py UP; of [a,b], where P := (zg,x1,...,2,) such that

a=To<r1<--<xp,=0>

and let m;, = inf{fi(z) : © € [x;_1, ]}, msy, 1= Inf{fo(x) : € [2;-1, 2]}, and let
my, = inf{fi(z) + fo(2) : v € [w;1, 2]}

We note that m;, +m;, < fi(z) + fo(z) ¥V & € [x;_1, 7).

Then we have the following:
L(f1,P) + L(f2, P) = Y may (i — wica) + > miy (@ — wi01)
=1 =1
= Z(mil + mi, ) (T — Ti-1)
=1

n
< E mi (T — 1), as was noted previously,
=1

— L(fy + [, P) S L(H + fo)



Then we have that sup{L(f1,P) + L(f2, P) : P € L[a,b]} < L(f1 + f2). Thus,

L(f1) + L(f2) = sup{L(f1,P) : P € PL]a,b]} +sup{L(f2,P) : P € P[a,b]}
< sup{L(fi + f2,P) : P € Pa,b]}
= L(f1 + f2)

Thus we have that L(f1) + L(f2) < L(f1 + f2). |

10. Give an example to show that strict inequality can hold in the preceding exercise.

Consider the functions fi, fo : [0,1] — R given by fi(z) := {(1): iig\@, and
1, z€Q

fg(i[)) =
0, zeR\Q

Then we have that L(f;) = 0, and that L(fy) =0, and thus L(f;) + L(f2) = 0.

However, we now note that (f1 + fo)(z) = 1 V 2 € [0,1], and thus we have that
L(fi+ f2) =U(fi+ f2) 2/11 =1—0=1. Thus we have that 0 = L(f1) + L(f2) <
L(fi+ f2) =1 “
2. Let f(x) = 2% on [1,3.5].
(a) Find L(f, P) and U(f, P) when P = {1,2,3,3.5}.

Our terms are:
ro:=1, x1:=2, x9:=3, x3:=3.5

and our subintervals are

Il = [1,2], IQ = [273]7 I3 = [3’35]



So for L(f,P) we have

n

L(f,P) = Zmz(ﬂfz — Ti1)

i=1

= Zinf{f(x) L@ € [, wi (i — mia)

= Zimf{x2 cx € [win, m) Pa; — ximq)
i=1

— irIf{xQ cxe[1,2]}(2-1)
+inf{z® : x € [2,3]}(3 — 2)
+inf{z?: 2z € [3,3.5]}(3.5 — 3)

1
—1-1+44-149-2

2
9
=144+ =
a4+
19
)

So L(f,P) =%, and
U(f,P) = Z M;(2; — 2i-1)
= Zsup{f(:v) 1w € i, v (T — i)

= Zsup{yc2 cx € (w1, m) @y — xiq)
i=1

= s;p{x2 rx e (1,232 -1)
+sup{z® : x € [2,3]}(3 — 2)
+sup{z?: z € [3,3.5]}(3.5 — 3)

1
:4~1—|—9'1+12.25‘§

=449+6.125
= 19.125

And so U(f,P) = 19.125.

Thus L(f,P) = & and U(f,P) = 19.125.

(b) Find L(f, P) and U(f, P) when P = {1,1.5,2,2.5,3,3.5}.

10



Our terms are:
To:=1, x1: =15, x9:=2, x3:=2.5, 24:=3, x5:=3.5
and so our intervals are
L :=[1,1.5], Iy:=[1.5,2], I3:=[2,2.5], I,:=125,3], I5:=[3,3.5]

So we have for L(f,P):
L(f, Py =) milx; — i)
i=1
= Zinf{f(:v) T e [xi_l,a?i]}(xi - xi—l)
i=1

= E:inf{x2 x € (w1, w4} (@ — i)
i=1

= inf{z” : z € [1,1.5]}(1.5 — 1) + inf{a* : z € [1.5,2]}(2 — 1.5)
+inf{z® : z € [2,2.5]}(2.5 — 2) + inf{z? : x € [2.5,3]}(3 — 2.5)
+inf{z® : ¥ € [3,3.5]}(3.5 — 3)

1 tyoes tiatiges iyl
2 2 2 2 2

= 5+1.125+2+3.125+45

= 11.25

thus L(f,P) = 11.25 and
U(f, 7)) = Z Mz(fﬂz - 513'1'71)
= ZSUP{f(l") L x € [, wi Ha — mim1)

= Zsup{x2 cx € [wimy, wi| Hay — i)
i=1

= sup{z® : x € [1,1.5]}(1.5 — 1) + sup{z”® : & € [1.5,2]}(2 — 1.5)
+sup{a? : x € [2,2.5]}(2.5 — 2) +sup{z? : x € [2.5,3]}(3 — 2.5)
+sup{z?: z € [3,3.5]}(3.5 — 3)
=225-0544-054+6.25-05+9-054+12.25-0.5

= 16.875

Thus U(f,P) = 16.875.
Therefore L(f,P) = 11.25 and U(f,P) = 16.875.

11



3. Use upper and lower Darboux sums to evaluate the following integrals.

(a) /1 "0 +3) da

Let P, = (O, %,%,...,3”;1,3). Then Ax; = % Since 2x + 3 is increasing on
[1,3], we have that on [z;_1,2;] = [3=4, %] M; = occurs at the right endpoint =

f(2) =% 4+ 3 and m; occurs at the left endpoint, f (251) = %=2 43

3
So, we also note that in order to get the correct answer, we must calculate / 2r +
0

1
3 dx —/ 2z 4+ 3 dx, and thus we choose P; = (0, %, S 1) with Az, = %,

o ,
with M;, := 2 + 3, and m;, := 222 + 3, and thus:

n

i=1

() ()- [ ).

n

n?’ 2 w  n? 2 w

B 18n2 + 18n 9 2n? + 2n 5
a 2n2 2n?

. 18n2% + 18n 2n? + 2n
a nh—>nc}o 2n? +9- mz 3
=94+9-1-3
=14
> U(f)

12



and

L(f,Pn) = L(f,P1) = ZmiAIi —my; Ay,

() ()10 )

6 (3n(n+1 2 n?-n
:ﬁ< (; )_”)+9_E'T_3

6 (3n*+3n 2n% — 2n
:ﬁ-<T—n>+9—2—nQ—3
:18n2+18n_6_n 9_2712—271_3

2n? n? 2n?

:limw—lim§+lim9—lim2n2—_2n—hm3

n—00 In2 n—o0o 1,  n—00 n—soo 2 n—soo
=9-0+9-1-3
=14
< L(f)

So,

So L(f)=U(f) = 14.

(b) /02(:172 +1) da

Let € > 0 be given, and let P := (0, %, %, cee 2"7:1, 2), and we note that Az; := %

Since f is increasing on [0, 2], then on [z;_1,z;] = [%, %}, M; occurs at the right

endpoint, and is thus f (%) = ‘%; + 1. Also, m; occurs at the left endpoint and is

13



8 o, 2
Zgzl+g 1

i=1 i=1

8 nn+1)2n+1) 2w
n 6 w
8 23 +3n%+n
n 6
1613 + 24n? + 8n
— +2
6m3
. 16n® 4+ 24n% + 8n
= lim + 2
n—00 6n3
16
=42
6 +
8
=—_+2
3 +
14
3
> U(f)

14



4. (a)

(b)

and

=1

" 4% —4i+ 1 2
= (———+1) (2
—1 n n

_z”:8¢2—8i+2+2
B n3 n

=1

< L(f)
So W < L(f)<U(f) <Y So L(f) =U(f) = 4

Prove that if f, g : [a,b] — R are bounded, then U(f +g,P) < U(f,P)+U(g,P) for
every partition P of [a, b].

Proof. Since f and g are bounded, we know that sup(f+g¢g) < sup(f)+sup(g). Then
Mg =sup{f+g:2€xi1,2]}. And so Msi,; < My, + M,;, and thus

U(f+9,P ZMHWA:MZMﬁAmZ Az, =U(f,P)+Ul(g,P)

Find examples of bounded functions f,g : [a,b] — R such that U(f + ¢,P) <
U(f,P)+ U(g,P) for some partition of [a,b].

1 R
Consider the functions f,¢g : [a,b] — R given by f(z) := , reR\Q and
0, z€Q
-1, zeR\Q
g(x) = \
0, reQ

Thus, we have that (f + g)(z) = 0V z, and thus U(f + g) = 0. However, we note

15



5. Prove or justify, if true or provide a counterexample, if false.

(a) Let f be bounded on [a,b]. The upper and lower sums for f form a bounded set.

(b)

This is a true statement.

Proof. Since f is bounded, we know that 3 m, M s.t. m < f(x) < M V z € [a,b].
By the definitions of L(f,P), and U(f,P), we have

n

L(f,P):= > inf(f)-Az; and U(f,P): Zsup ) - Az

i=1

This yields that

So L(f,P), and U(f,P) are bounded. |

Let f be bounded on [a,b]. f € R|a,b] if and only if its lower and upper sums are
equal.

This is a false statement. Consider the function and partition given in Problem
1 (a): Let f(z) := |z| for =1 < x < 2. Calculate L(f; P) and U(f, P) for the
following partition: P; := (—1,0,1,2)

Our terms are:
To:=—1, x1:=0, x9:=1, x3:=2

and our intervals are:
Il = [—1,0], IQ = [O, 1], 15 = [1,2]

thus L(f,P1) is
f 731 Zmz X -777,—1

= Z (inf{f(z) : & € [wi—1, z]}) (2 — @i-1)

)(0—(=1))
1-0)
1)

(mf{|ﬂf! z € [-1,0]}
+ (inf{[z| : z € [0, 1]})(
+ (inf{|x| : xz € [1,2]})(2 —
=0-14+0-1+1-1
=0+0+1
=1

16



(d)

(e)

and

U(f,Py) ZM i — Tio1)
= Zsup{f(x) 1@ € [y, wi) Ha — i)

= Zsup{|w| T € iy, x| @ — x4-1)

= (Sup{|»’lfl c2 e [=1L0[1)(0 - (=1))
+ (sup{|a]: 2 € [0,1]})(1 = 0)
+ (sup{lz| -z € [1,2]H)(2 - 1)

—1-1+1-14+2-1
=1+1+2
=4

So, L(f,P1) =1and U(f,P,) =4

Let f be bounded on [a, b]. If P and @ are partitions of [a, b], then L(f, P) < U(f, Q).

This is a true statement by Lemma 7.4.3:

Lemma. Let f : I — R be bounded. If Py, P, are any two partitions of I, then
L(f;Py) <SU(f;P2).

b
When / f(z) dx exists, it is the unique number that lies between L(f, P) and

U(f,P) for all partitions P of [a, b].
This is true since if f € Rla,b], and if we let [ := [a,b], then f is Darboux inte-
grable, by the Equivalence Theorem. Then, by the definition of the Darboux integral,

U(f) = inf{U(f,P) : P e Z()} and L(f) := sup{L(f,P) : P € £(I)}, and by
Theorem 7.1.1:

Theorem. If f € R[a,b], then the value of the integral is uniquely determined.

b
, we have that the value L of / f(x) de = L is uniquely determined for all partitions
P e 2(I). ’

That is, this statement is a combination of Theorem 7.4.1 and Theorem 7.1.2.

Let f be bounded on [a,b]. Then L(f, P / f(z) de < U(f,P).
This is false. Consider the Dirichlet function on the interval [0,1]: f : [0,1] - R

17



(f)

0, z€Q

1, zeR\Q

Then we have that L(f,P) = 0 and U(f, P) := 1, so we have that L(f,P) < U(f,P),
but we know that the Dirichlet function is not integrable. Thus we have that this is
a false statement.

given by f(x) :=

If f € Rla,b], then for all ¢ > 0, there exists a partition P of [a,b] such that

This is a true statement.

Proof. Let f € Rla,b]. Recall the Equivalence Theorem:

Theorem. Equivalence Theorem A function f on I = [a, b] is Darboux integrable
if and only if it is Riemann integrable.

Thus by the Fquivalence Theorem, f is also Darboux integrable.

Also, recall the Integrability Criterion:

Theorem. Integrability Criterion Let I := [a,b] and let f : I — R be a bounded
function on I. Then f is Darboux integrable on [ if and only if for each £ > 0 there
is a partition P. of I such that

U(f;P:) = L(f;P:) <e
Note that we can rewrite the inequality as follows:

U(f,P.) — L(f,P-) <e=—L(f,P) <e —=U(f,Pe)
= L(f,Pe) > U(f.P.) ~

Thus by the Integrability Criterion, we have that L(f, P) > U(f,P) —e. [ |

18



