Real Analysis II Homework 1

Alexander J. Tusa
February 23, 2019

Section 7.1 - The Riemann Integral

1. 1. If I :=10,4], calculate the norms of the following partitions:
c. Pyi=(0,1,1.5,2,3.4,4)

|| Ps]| = 1.4
d. Py :=(0,.5,2.5,3.5,4)
[ Pa]| =2

2. If f(x) := 22 for = € [0,4], calculate the following Riemann sums, where P; has the

same partition points as in Exercise 1, and the tags are selected as indicated.
Pr = (0,1,2,4)
Py :=1(0,2,3,4)

(a) P, with the tags at the left endpoints of the subintervals.
The subintervals are:

I :=10,1], I, :=1[1,2], I3 :=[2,4]

So the tags are:
tl = 0, tg = 1, t3 =2

S(f,Pr) = Z ft)(wi — zi1)

= f(0)(z1 — z0) + f(1)(x2 — 1) + [(2) (23 — 22)
=0*1-0)+1*2—1)+2%(4-2)

=1+38

=9

(b) Py, with the tags at the right endpoints of the subintervals.
The subintervals are

[1 = [0, 1], 12 = [1,2], [3 = [2,4]

So the tags are:
t = 17 ty 1= 27 t3 =4
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S(f,P1) Zf — Zi-1)
Zf( (@1 = 20) + [(2)(22 — 21) + f(4)(23 — 72)
=1%(1-0)+2*2—1)+4*(4-2)
=1+4+32
=37

(c) P, with the tags at the left endpoints of the subintervals.
The subintervals are:

Il = [0, 2], _[2 = [2,3], ]3 = [3,4]

So the tags are:
t1 = 07 to 1= 27 t3 =3

S(f,Pa) = Zf — Zi-1)
= f( J(@1 — 20) + f(2)(22 — 1) + f(3) (73 — 22)
=0%2—-0)+2*3—-2) +3*4-13)
=449
=13

(d) P, with the tags at the right endpoints of the subintervals.
So the subintervals are:

Il = [0, 2], 12 = [2,3], ]3 = [3,4]

So the tags are:
t1 = 27 to 1= 37 t3 =4

fPQ Zf i Li— 1)

=f( )2=0)+ f(3)(3—2)+ f(4)(4—3)
= 2%(2) + 3%(1) + 4*(1)

=8+9+16

=33

6. (a) Let f(x):=2if0 <z < 1and f(z) :=1if 1 <z < 2. Show that f € R[0,2]
and evaluate its integral.

We estimate by the graph of f that the integral of f is 3. We must now show
by the definition of the integral that the integral of f is 3.
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Proof. Let P be a tagged partition of [0,2]. Let P, C P with tags in [0, 1], and
let P, C P with tags in [1,2].

We know that . .
0,1—||Pl] C UL C[0,1+||P]]] (1)

and
L+ [Pl,2CUC1—[[PI,2] (2

where U; and Us are the union of the subintervals 751 and 752, respectively.

Now, we can calculate S(f;Py) and S(f;Ps).

S(fiP) = Y ft:) (@ — i)

LePy

= Z 2(ZL‘Z — Ii—l)

1116751
(I, € P, = I, C[0,1] where the function value is 2)

=2 Z (I‘l — .’131',1)

17;67.31

€ 21 = [IPI),2(1 + [[PIN] = [2 = 2Pl 2 + 2/ P]

(Because of (1) we know that the range of the subinterval lengths in P;)

S(fiPa) = Y flt:)(w: — i)

LePs

= Z 1(.%1 — xi,l)

LEPy
(I, € P, = I, C [1,2] where the function value is 1)

= Z (% - $¢—1)

Ii€752

e [L— 1Pl 1+ [Pl

(Because of (2), we know the range of the subinterval lengths in P,)

Therefore,
S(f;P) = S(f;P1) + S(f; Pa) € [3(1—||P]), 3(1 + || P|])]
)
3—3||P|| < S(f;P) <3+3|[P||
()
1S(f;P) — 3] < 3||P|]
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For arbitrary € > 0 we can pick a tagged partition P such that
. €
Pl < =
1Pl < S

Thus f € R[0,2]. |

8. If f € Ra,b] and |f(x)| < M for all z € [a,b], show that ‘f;’f‘ < M(b—a).

Note that

By Theorem 7.1.5 ¢, and since every constant function on [a, b] is in R|a, b], we have

that ) ) )
%M—wélPMSlfSAMZMWW)

b
|1
12. Consider the Dirichlet function, introduced in Example 5.1.6(g), defined by f(z) :=

for x € [0, 1] rational and f(z) := 0 for x € [0, 1] irrational. Use the preceding exer-
cise to show that f is not Riemann integrable on [0, 1].

p,:{r—ﬁiyi} 1
non| nj),,

Then ||P,]| =1 - 0asn — 0.

Then,
P0G

because % is rational.

Therefore,

< M(b—a)

Let

Let

Qn ::{|:Z 7117ai} 7”21
non i=1

ﬂ fori=1,2,...,n.

*II

where «; is an 1rrat10nal number in the interval [
Then [|Q,|| = L~ 0asn— oo.

Then,
an.E:fm(

because «; is irrational.

n

SIN

2

Therefore, ) )
Hm S(f;P,) =1#0=1LmS(f;Q,)



By the definition of a Riemann integrable function, for any € > 0, there exists § > 0
such that for all tagged partitions P with ||P|| < § we have

'S(fﬂ'?)—/abf

Because ||P,|| — 0, there exists n; € N such that

<5
2

n>n; = [P <6
Similarly, because ||Q,|| — 0, there exists n, € N such that
n>ny, = [|Qn]] <9
Let ng := max{ni,ny}. Then for all n > ny we have that

1Pall < 8 & [|Qall < 6

S(f;?n)—/abf

Therefore, for all n > ny,

so we have

19 . b 9
<t ‘S(f;QTJ—/a f‘<§

b
S By f] ‘ an)—/f’

+5
2

() = 5(F: Qa)| <

<

™ ol M

By the definition of the limit of a sequence,

that is, _ .
lim S(f; Pp) = lim S(f; Qn)
which is a contradiction. Therefore f ¢ R[a,b], and hence the Dirichlet function is

not Riemann integrable.

. Suppose that f is continuous on [a,b], that f(z) > 0 for all x € [a,b] and that
f: f =0. Prove that f(z) =0 for all = € [a, b)].

Proof. Suppose there exists ¢ € [a, b] such that f(c) > 0. Since f is continuous, there
exists & > 0 such that f(z) > 1 f(c) for z € (¢ —6,¢+ &) C [a,b]. Then

[r=f

which contradicts the fact that fa f =0. If ¢ = a, then there exists § > 0 such that
f(z) > 0 for € [a,a + 0), and thus the same contradiction is present. The same
applies for the case in which a = b. Therefore we have that f(x) =0, Vx € [a,b]. B

226 >0

l\DIH
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9.

10.

Show that the continuity hypothesis in the preceding exercise cannot be dropped.

Consider the function f : [0, 1] — R given by

1, =0
f(x)::{o, T 40

Then, f has a discontinuity at the point x = 0 and fol f =0, but f is not zero
everywhere. Therefore, continuity is a necessary part of the hypothesis.

If f and g are continuous on [a, b] and if f; f= fab g, prove that there exists ¢ € [a, b]
such that f(c) = g(c).

Proof. Let f and g be continuous functions on [a, b] such that

[r=]

Define h : [a,b] — R as h := f—g. Then, h is continuous as a difference of continuous

functions and
b b b b
[n=[u-a=[1-[g=0

Suppose that there exists ¢ € [a,b] such that h(c) = 0 since (f(c¢) = g(c)). Then,
since h is continuous, it follows that h(z) > 0, V = € [a,b]. or h(z) <0, V x € |a,b]
(recall Bolzano’s Theorem).

Suppose h(z) > 0, ¥V = € [a,b]. Then because h is a continuous function on a
segment, by the Maximum-Minimum Theorem there exists m > 0 such that

h(x) >m >0, V x € [a,b]

b b
/hZ/ m=m(b—a)>0

This is a contradiction with the fact that ff h=0.

Then we have

Now, for the case in which h(x) < 0, V o € |a,b], by the Mazimum-Minimum
Theorem we know that there exists M < 0 such that

h(z) <M <0V z € [a,b]

b b
/hg/ M<Mb-a)<0

which again yields a contradiction.

and thus

Therefore, there exists ¢ € [a, b] such that h(c) = 0, that is, f(c) = g(c). |
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13. Give an example of a function f : [a,b] — R that is in R|c, b] for every ¢ € (a, b) but
which is not in R|a, b].

Define a function f on [0, 1] by

For every ¢ > 0, f € R[c, 1] because f is continuous on [c, 1].
Now, let’s show that f isn’t Riemann integrable on [0, 1].

Define a tagged partition to be

Then

S(f;?):gf(%') (%_z;l)

n

2271"

=1 n

n

1
:;?

As n — 00, S(f;P) diverges (since it is a harmonic series). Thus, f is not Riemann
integrable on [0, 1].

3. Use the right-endpoint Riemann sums to evaluate the following integrals:



(a) f, 3z — 1)de
i S 08 = 5 s+ i)
=2 (2+4(3))- ()
-3 (5 (24 %) 1) ()
-3 (6+2-1) ()

- 9\ /3
- n n
=1

15 27i
P
n n

5 27 —
- = 14+ 2= ;
27 n(n+1)
At — —
w n? 2
27 n?+n
— 15+ =
5+n2 5
27n? + 27n

2n?

> 27n? + 27
/ (32 — 1)de = lim 15+~ 20
2

n—o00 In2

27
— 15+ ==
5+2

= 28.5

=15+



(b) f04(x2 + 27)dx

/4(:13 + 2x)dx = lim Zf
0 n—oo

= lim Zf (a +iAzx) Az

n—oo

:Ji%o;f(()“(%)) ()
- (3) 2 (2| ()
() (0
:nh_{IOloZ <642 322)

= lim (2—4 i Z)

=1 i=1

~ Jim (%_n(nﬂ)(nw) +gn(n+1))

n—oo ’n,3 6 77,2 2
. 64n3 4+ 192n% + 128n  32n% + 32n

= lim +

n—oo 6”3 2n2

64
= — +16

5 +
~ 26.6667



(c) f02(2a:3+x)d:v
2 n
/ (22° 4 x)dr = lim Zf(t,)Am
= 7}1_)1{.102f(a+2Aa:)A:r
- 2i\ (2
= 1i Z) (2
530 (5) ()
- 2\ 2\ /2
3 (2(3) ) G)
- (320 4
= Jm 2 (F + n—>
e, 4 &,
priS B ZZ]

i=1

. [32 n?*(n+1)* 4 nn+1)
T L (e B N )
n—oo | nd 4 n? 2

i [32n* + 64n3 + 32n? N 4n? + 4n
= lim

n—oo | 4nt 2n2
—§+2
=10

4. Express each of the following as a definite integral. Then use calculus to evaluate the
integral.

n

(a) lim > (%) Ax; where P is a partition of [1, 3].

|P|=0 ;1
im S (=) Aws =
\PI\IEO 1 (w'2> " /1 o

222
=3
32 12
)
9 1
22
8
)
=4
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(b) Jim 3= (3+ %) (2)

i=1

, n 2i\ 2
Jim Zl(“z) (

2

n

)

= [ f(ti)dz
3
5
:/ 22dx
3
23]
=3 3
5 33
3 3
125 27
-3 3
125
=— -9
3
~ 32.66667
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lim Z (a+iAz)” - (Ax)

i3 (e (50) - (5)




(d) Jim 3

i=1

n -9 n
. t . .
N

~rm 3 (e (50))-(5)
“am (0 (5) - (50)

1
1
I/f(ti)df
0
1
:/xzdx
0
73!
=3 0
13 03
~ 3 3
1
3

n
(e) Show that nh_{{)lo 2:21 =1

[z~

n
. n . n
hm E — = hm E — .
n—ro0 £— n2+12 nooo n2 + 32
1=

5. Give examples of functions f : [0,1] — R such that
(a) f ¢ R[0,1], but |f| and f? are both in R0, 1].

1 r€eQ

, and let
-1 zeR\Q

Consider the function f : [0,1] — R given by f(z) := {

13



P := {xg,x1,...,2,} be any partition of [0,1]. Then M; =1 and m; = —1 for all

i=1,2,...,n. thus U(f,P) = 1 and L(f,P) = —1 for all P. Thus U(f) =1 and
L(f) = —1. Thus f is not integrable.
However, |f|(z) = 1 for all z € [0,1]. Since |f] is a continuous function |f]| is

integrable on [0,1], and also since f?(x) = 1 is also a continuous function, we have
that f? is also integrable on [0, 1].

(b) f is bounded, but f ¢ R0, 1].

1 €
Consider the function f : [0,1] — R given by f(z) := { reQ . Let P be

0 zeR\Q
any partition of [0, 1], then
UPif):=) MAx;=>» 1Az;=b—a

and

L(P; f) =Y miAz; =Y 0Az; =0(b—a) =0

Zfdx:b—a#O:/Llfdx

Hence f is not Riemann integrable.

(c) f€R[0,1] and f is not monotone.

Hence

3 0<z<g
Consider the function f : [0,1] — R given by f(z) := ¢ 1 3 <z < 2. The function
3 2<x<1

f is non-monotonic on [0, 1].

The upper Riemann integral of f is

f =inf {/ g : g is a piecewise constant on [0, 1] and g(z) > f(x) V x € [0, 1]}
[0,1] [0,1]

7

]
Similarly, the lower integral of f is given by

f =sup {/ g : g is a piecewise constant on [0,1] and g(z) < f(x) V z € [0, 1]}
[0,1]

[0,1]

7
3

7
Since / f= f, the function f is Riemann integrable on [0, 1] and / f= 3
[0,1]

[0,1] [0,1]
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(d) f € R|[0,1] and f is neither monotone nor continuous.

z € 40,13 U ([0,1]\ Q)

z € (0,1)NQ, z="=% pqeN, and.
p, q are relatively prime

We note that f is known as the Riemann function. Thus it is well known that this

function is not piecewise continuous nor is it monotone.

Consider the function f : [0,1] — R given by f(x) :=

Q= O

6. Prove or justify, if true or provide a counterexample, if false.

(a) If f(z) < g(x) < h(z) for all € [a,b], and f,h € R[a,b], then so is g € R[a, b].

This is true by the Squeeze Theorem.

(b) If f € R[a,b], then f is continuous on [a, b].

2, 0<z<1
3, 1<z<3
Then we have that f03 f(xz) =8, and thus f € RI0, 3], but f is not continuous.

This is a false statement. Consider f : [0,3] — R given by f(x) := {

(c) If |f| € Rla,b], then f € Rla,b).

This is a false statement. Consider the function f : [0,1] — R given by f(z) :=

1
reQ , and let P := {xg,21,...,2,} be any partition of [0,1]. Then
-1 zeR\Q

M;=1and m; = —1foralli=1,2,...,n. thus U(f,P) =1 and L(f, P) = —1 for
all P. Thus U(f) =1 and L(f) = —1. Thus f is not integrable.

However, |f|(x) = 1 for all z € [0,1]. Since |f| is a continuous function |f]| is
integrable on [0, 1].

(d) Let f be bounded on [a,b]. If P and @ are partitions of [a,b], then P U Q is a
refinement of both P and ().

This is a true statement because this satisfies the definition of a refinement, since
both PC PUQ@ and Q C PUQ.

(e) If f is continuous on [a,b) and on [b, ¢|, then f € R]a, c|.

This is a false statement. Consider the function f : [0,5] — R given by f(z) :=
= 0<zx<?2

r—27

0, 2<xr<5h
that f is not Riemann integrable.

. Since an asymptote exists and is unbounded on [0, 5], we have
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(f) If f,g € Rla,b], then f — g € R|a, b].
This is true by Theorem 7.1.5 ¢, since it can be rewritten as f + (—g).
(g) If f is monotone on [a, b], then f € R|a,b].

This is a true statement by Theorem 7.2.6:
Theorem. If f : [a,b] — R is monotone on [a, b], then f € R]a,b].
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